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FOREWORD

This volume contains concise versions of most of the
papers presented at the Conference on Environmental Effects
on Antenna Performance. The papers as printed here were re-
produced from the manuscripts supplied by the authors. Editing
on the submitted material was relatively light, although many of
the manuscripts required at least some revision. As editor, I
should like to thank the members of the advisory board for their
assistance and, in particular, I am grateful to the conference
secretary, Mrs. Eileen Brackett, for her diligence in assembling
the papers and readying the material for the printer.

Volume IT will be issued at a later date and it will contain
papers and other relevant material which were not available when
Volume I went to press.

James R. Wait

Additional copies of this volume will be available at $3.00 from
the Clearinghouse for Federal Scientific and Technical Information,
Sills Building, 5285 Port Royal Road, Springfield, Virginia 22151.
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CONFERENCE ON ENVIRONMENTAL EFFECTS ON
ANTENNA PERFORMANCE

Boulder, Colorado - July 14-18, 1969

PROCEEDINGS - Vol, I

Sponsors: Institute for Telecommunication Sciences (Environ-,
mental Science Services Administration); Cooperative Institute
for Research in Environmental Sciences (ESSA); Air Force -
Cambridge Research Laboratories; Department of Electrical
Engineering {(University of Cplorado); Denver-Boulder Chapter
of the IEEE Group on Antennas and Propagation.

Advisory Board: P, Blacksmith, R. Coken, H., V., Cottony,
W. Flock, R. C. Kirby, M. T. Ma, S. W. Maley, R. J. Papa,
R. V, Row, C. J. Sletten, W,J., Surtees, W. F. Utlaut

Chairman: J. R. Wait - Secretary: Mrs, Eileen Brackett
Registration Facilities: R. D. Hunsucker and D. C. Chang

Auditorium and Projection Facilities: H. V, Cottcny and R.H, Ott
Place: ESSA Radio Building Auditorium

Time allotted for presentation is indicated in minutes after each
title; also indicated is the page number where paper (if available)
appears in this volume,

Monday, July l4th - 8:30 a.m.

Introductory Remarks: Dr. G. S. Benton, Director, ESSA Re-
search Labs., C. J. Sletten, AFCRL, and R.C. Kirby, ITS/ESSA

Sessionl - Electromagnetic Theory - Chairman, Professor J.R.
Wait (ESSA Research Labs., and CIRES)

Complex rays /a.nd the local properties of radiation in lossy media
(20); H. L. Bertoni, L.B. Felsen, and A. Hessel [pg. 5]

Transient dipole over a dielectric half-space (15); D. A. Hill [pg. 10]

The propagation constant of a small-diameter insulated helix (20);
F. P. Ziolkowski[pg. 15]

An alternative method for deriving Fock's principle of the local
field in the penumbra (15); R. H. Ott[pg.19]

Boundary value problems in radially inhomogeneous media (20);
J. G. Fikioris [ pg. 23]

Radiation from a parallel-plate waveguide into an inhomogeneously
filled space(20); R. J. Kostelnicek and R. Mittra [ pg. 28]
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Monday, July 14th - 1:30 p. m.

Session II - Boundary Value Problems - Chairman, Prof. L. B.
Felsen (Brooklyn Polytechnic Institute)

Prolate spheroidal and linear antennas in lossy media (2 0); °
R. J. Lytle '
Metallic and dielectric antennas in conducting media (20); G.
Franceschetti, O. Bucci, E. Corti, and G. Latmiral{ pg. 33]
Radiation from a semi-infinite dielectric-coated spherically
tipped perfectly conducting cone (20); R. Chatterjee [ pg. 38]
Electromagnetic coupling of horizontal loops over a stratified
ground (15); H., Kurss [ pg. 42]
Quasi-static fields of subsurface horizontal electric antennas(20);
P. R. Bannister [ pg. 45]
Magnetic field excited by a long horizontal wire antenna near the
earth's surface (20); D, B. Large and L. Ball [pg. 50]
Numerical analysis of aircraft antennas (15); E." K. Miller,
J.B. Morton, G.M. Pjerrou, and B. J. Maxum [pg. 55]

Tuesday, July 15th - 8:30 a.m.

Session III - Influence of Homogeneous Half Space - Chairman,
Professor M., Kharadly (Univ. of British Columbia)

Finite tubular antenna above a conducting half-space (15);
D. C. Chang [ pg. 59]

EM propagation over a constant impedance plane (10); R. J.
King [ pg. 64]

On the surface impedance concept (10); R. J. King [pg. 66]

The impedance of a2 finite horizontal antenna above ground (15);
W. J. Surtees [pg. 68]

Impedance of a finite-length insulated dipole in dissipative
media (15); C.K.H. Tsao and J. R. deBettencourt[pg. 72]

Distributed shunt admittance of horizontal dipole over lossy
ground (15); C. K. H, Tsao[pg. 77].

The linear antenna in 2 piecewise homogeneous environment(15):
D. V. Ctto[ pg. 81]

Characteristics of the ground wave attenuation function for highly
inductive surfaces (15); D. B. Ross [ pg- 85]

Impedance of a Hertzian dipole over a conducting half-space (15);
J. R. Wait [ pg. 89]
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Tuesday, July 15th - 1:30 p.m.

: Sesfsion IV - Ground Screen Effects - Chairman, Dr. W, F.
Utlaut (ESSA)

Radial wire ground systems for vertical monopole antennas(20);
S. W. Maley [pg. 196]

Effect of the ground screen on the field radiated from a mono-
pole (15); W. J. Surtees [ pg- 95]

Numerical studies of the effects of nonplanar local terrain and
ground screens (15); R. V. Row and D. M. Cunnold

Radiation of a monopole antenna on the base of a conical structure
(15); G. A. Thiele, M, Travieso-Diaz, H,S. Jones [pg. 99]

Current distribution on a finite length dipole in the presence of
ground screens (15); V.R. Arens, U.R. Embry,
D. L. Mette .

Reflection of waves of arbitrary polarization from a rectangular mesh
ground screen (15); G. A, Otteni[ pg. 103]

Some design considerations for HF antenna ground screens (15);
T. Kaliszewski [pg. 201]

Measured patterns of HF antennas and correlation with surrounding
terrain (15); D. R. McCoy, R. D. Wengenroth, and J. J.
Simons

Wednesday, July 16th - 8:30 a.m.

Session V - Antennas in Plasma - A - Chairman, Dr. J. Galejs
(Sylvania)

Radiation by a VHF dipole-type antenna imbedded in its plasma
sheath (20); R. V., DeVore and R, Caldecott

Current distribution and input admittance of a cylindrical antenna
in a gyrotropic medium (15); H. S. Lu and K. K. Mei [ pg. 108]

Numerical solution of dipole radiation in 2 compressible plasma
with a vacuum sheath surrounding tlI;e antenna (20); S. H. Lin
and K. K. Mei [pg- 12]

Plane wave synthesis of plasma coated aperture admittance and
radiation pattern (20); H. Hodara and D. Damlamayan| pg. 117]

Effects of electron acoustic waves on a dipole RF magneto-plasma
probe (20); H. Oya

Radiation characteristics of a slotted ground plane into a two-fluid
compressible plasma (20); K. R. Cook and R. B. Buchanan[ pg.122]

Studies of VLF radiation patterns of a dipole immersed in a lossy
magnetoplasma (20); D. P. GiaRusso and J. E. Bergeson [ pg. 127]

Some features of electroacoustic waves excited by linear antennas
in hot plasma(l5); V. L. Talekar [pg. 132]

Linear antenna in anisotropic medium(15); P. Meyer [pg. 136]
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Wednesday, July 16th - 1:30 p. m.
Prof. R.E. Collin,

ATl i e AN

Session VI - Antennas in Plasma-B - Chzirman,
{Case Western Reserve University)

Boundary and transition problems for antennas in warm plasmas(20);
J. P. Lafon

Studies of antenna-induced ionization probiems(20); W. C. Tavylor,
J. B. Chown, and T. Morita [ pg. 139]

Behavior of strong field electromagnetic waves in anisotropic
plasmas (20); M. P. ‘Bachynski and B. W. Gibbs [pg. 145]

The Trailblazer II reentry antenna test program(20); J. L. Poirier,
W. Rotman, D. Hayes, and J. Lennon [ pg. I51°]

Single and multislot antennas in an inhomogeneous reentry plasma
environment (20); K. E. Golden and G. E. Stewart | pg.1567]

Ionospheric antenna impedance probe (15); E. K. Miller, H. F. Schulte,
and J. W. Kuiper [ pg. 161]

How to determine ELF/VLF transmitting antenna performance in
the ionosphere(20); J. P. Leiphart

On the transient response of an antenna and the time decrease of

Aloucite spikes (15); P. Graff[pg. 165]
Thursday, July 17th - 8:30 a.m.

Session VII - Related Environmental Aspects - Chairman,
Dr, C. J. Sletten (AFCRL)

Dipole radiation in the lunar ernvironment (20); R. J. Phillips [pg.169]
VLF transmitting antennas using fast wave dipoles (15);

E. W, Seeley[pg. 174 ]

Ground-wave propagation across strips and islands on a flat earth
(10); R. J. King and W. L Tsukamoto [Pg- 179!

Some considerations on ground-wave propagation across coastlines
and islands (15); R. K. Rosich [Pg-181]

VLF ground-based measurements on stratified antarctic media (20);
G. E, Webber ard I. C. Peden

Effective ground conductivity measurement at radio frequencies
using small loop anternas (15); W. L. Taylor [pg. 186°]

Phase measurements of electromagnetic field components (20);

P. Cornille [pg. 190]
’ Thursday, July 17th - 1:30 p.m.

Session VIIL - Round Table Discussion on: Design techrniques for
pattern control by ground screens - Moderator, Dr. R. V. Row
(Sylvania)

(Sessions IX and X, on Friday, are reserved for late informal papers,
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COMPLEX RAYS AND THE LOCAIL PROPERTIES OF
RADIATION IN LOSSY MEDIA¥*

H. L. Bertoni, L. B. Felsen and A, Hessel

Polytechnic Institute of Brooklyn
Electrophysics Department ‘
Farmingdale, N. Y.11735 i

Abstract b

The ray-optical description of radiation in lossy, inhorno- P
geneous media,is, in general, in terms of complex rays. To
clarify the physical significance of such a description, the local
environment responsible for the fields at an observation point is
found for a particular example and related to the complex ray
reaching the observation point,

1. Introduction

At sufficiently high frequencies, propagation and scattering :
phewomena in piecewise homogeneous or inhomogeneous, loss- P
less media can be described in terms of rays. The rays define ‘
real trajectories along which the fields and energy propagate, in
that the ray fields are influenced primarily bty the enviornment in
the immediated vicinity of the ray. This local property of ray
fields makes ray optics a powerful tool for analysis of high fre~
quency radiation and scattering. .

When an inhomogeneous or piecewise homogeneous medium j
contains loss, the ray paths for fields traversing regions of vary- o
ing loss tangent lie in complex space (Furutsu, 1952; Seekler and i
Keller, 1959: Budden and Jull, 1964) (ray paths for fields traver-
sing a homogeneous, lossy medium are real). In the case of :
complex rays, the definition of a local environment primarily i

\ responsible :Eongbgl fields at a given observation point is not evi- '
- dent, To clarify the location and extent of the local environment, P
the fields transmitted across a planar interface between a loss- :
less and a lossy half-space are considered. The local environment
appropriate to an arbitrary observation point is found and is :
related to the parameters of the complex ray reaching this point. ;
This kmowledge of the local properties of the field should prove use-

ful in the study of radiation and scattering :Ln lossy conflguratlons
not amenable to rigorous analysis,

T]:u.s work was supported in part by the University Science
Development Program of the National Science Foundation under
Grant Numbexr GU-1557 to the Polytechnic Institute of Brooklyn.
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2. Determination of the Local Environment

In order to define the local environment that primarily in-
fluence the fields transmitted to a given observation point across
a planar interface between a lossless and a lossy half-space, an
idealized ''window', which transmits the fields essentially over
a Iimited range, is inserted in the lossy medium in a plane parallel
to the interface at a distance h below the observation point (see
fig. 1). The center of the window is placed so that for minimum

2 ) -
‘ (y|-2|)

I I

LOSSY MEDIUM WITH “ZGAUSSIAN WINDOW OF
COMPLEX WAVE NUMBER k TRANSMITTANCE exp [-(y-yc12/w2]
LLL L L LS L L LTS L L LLLL oy

LOSSLESS MEDIUM WITH ,
INCIDENT PLANE WA Figure 1
gexp[i( t-py-v/k3-p22)] -

REAL WAVE NUMBER kg

window size, the field at the observation point approximates the
fields occurring in the absence of the window to within some fixed
accuracy. By the above process, one determines the area in the
plane whose illumination is principally responsible for the field
at the observation point. In the lossless case, this area com-
prises the first few Fresnel zones which are centered zabout the
intersection of the plane and the ray reaching the observation
point. If several distinct field types contribute to the observation

point, the local envirounment associated with each field type could
be found in a similar way.

“

For simplicity, a two-dimensional problem is considered
wherein a plane wave is incident at an angle in the y-z plane from
the lossless medium. Sampling of this canonical incident field with
an appropriate window, which is assumed uniform along x, the
relation between the local environments and the complex rays is
determined. To limit diffraction effects, which in the case of a lossy
half-space can be exponentially stronger than the transmitted fields,
the transmittance of the window should be analytic. The Gaussian
function exp [-(y-y )2 /W=7, centered at Yoo 18 used here.

If Et is the fleld at the observation point (y,, z;) of fig. 1 when
no window is present, then the field E at the o'bservatl.on point when
a "wide! Gaussian window is msertea' is given approximately by
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where p is the wavenumber along y of the incident plane wave,

k is the complex wavenumber of the lossy medium, q=4k°-p® ,
Vem=Y1 -hRe(p/q) and d=-hIm(p/q). In order that, for minimum

width, Eo approximate E_ to within some fixed percentage error,
the window location y_ should minimize the magnitude of the square
bracketed term in (1).” However, taking the window location as
YeVem provides a simple, frequency independent center for the

local environment and can be interpreted in terms of complex
rays. The displacement of the actual minimum of the square
bracketed term in (1) from Yem is less than the minimum half-

width W of the window for which Eg even crudely approximate Et’
For Y=V erm? E  differs from Et by less than some relative
amount 2u? <1 if 02>h|k2/q® |/ W2 and ¢ > d%/W2. Thus,if

W is larger than the greater of (1/a),/h]|k2/q® | and |d| /o, then
|§g-§_t| /|E.| <202. The half-width W so chosen delineates the

region about Yem in the z=z, -k plane whose illumination is princi-
pally responsible for the dields at (y,, z, ).

For a lossless medium (k real), Yem is the intersection,with
the plane, of the ray flluminating (y;, z;) and d =0,so that the Fresnel

criterion W> (1/a)yhk2/q® determines W. The principal effect
of loss on W is to impose a condition, linear in h, that must be
satisfied in addition to the Fresnel criterion. For

h< |k®/q®|/[Im/p/q)]?, the half-width is determined by the con-

dition W> (1/a)y h|X2 /q® | while for h greater than this value, W
is determined by W> |d| /o :

3. Relation to Complex Rays

If the medium for z> 0 is lossless, the fields at (y;, 2,) can be
interpreted in terms of real rays. Irn this case, the incident plane
wave is viewed as being composed of a family of rays parallel to the
direction of propagation of the plane wave. These rays are refracted
at the interface and one of them illuminates (y,, z;). The equation
of the path of this ray is (y; ~y)=h{p/q), where y is the intercept of
the ray with any plane z=z,-h> 0.

For the case of a lossy medium (k complex), the foregoing ray
equation still describes the path of the ray illuminating (y; , z,). How-
ewer, since g is now complex, except for normal incidence the ray
intersects the z=z, -h plane at a complex point. In particular, y is
complex at z=0, thus requiring the extension of the family of rays
representing the incident plane wave to include rays lying in complex
space. In fig.2, the complex ray is plotted for p> 0.

1
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¢ CF REGION OF
- PROPAGATION

(Yc=Yem)

COMPLEX RAY
y=y-hp/q

L/ hike /a9t
a hlk</q¥l

= Re y
Imy/ |

Figure 2

Taking the real part of the ray intercept for h real gives
Re(y)=y, -hRe(p/q), so that the center ¥ em ©f the region whose

illumination is principally responsible for the fields at(y,, z, ) is
the normal projection of the complex ray into real space. Taking
the imaginary part of the ray intercept gives Im(y) =-hIm(p/q), so
that the condition W > |d]/a is seen to require that the half-width
of this region be several times the distance that the complex ray
lies outside of real space. The local environment, which lies in
real space, appropriate to the observation point (y; , z;) is outlined
by the solid curve in fig. 2 for the case of high loss tangent.

By placing the Gaussian window at values of z< 0, it can be
shown that the region of propagation in free space is centered -
about the normal projection, into real space, of the plot (for =z
real) of that complex ray, which when refracted at the interface,
passes through (v, z;). Again, the extent of the region of pro-
pagation is the wider of the limits set by the Fresnel criterion
and the criterion based on the distance from the ray, when plotted
for real z, to real space,

SRS O TN
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TRANSIENT DIPOLE OVER A DIELECTRIC HALF-SPACE*
'by-
D. A. Hill
The Ohio State University

ElectroScience Laboratory
Department of Electrical Engineering

Abstract

The transient fields of short electric dipoles located above
a dielectric half-gpace are examined. Closed form solutions are
obtained for the cases where the observation point is directly
above or below the dipole and where both the dipole and the ob-
servation point are located at the dielectric surface.

The problem of radiation from short dipoles with time-harmonic
current excitation in the presence of ground results in the well
known Sommerfeld—-type integral solutions. I1If the current is a delta
function, 6(t), then the time—dependent solution can be obtained by
taking the inverse Fourier transform of the Sommerfeid-type solutions.
In this paper, exact closed—form, time-domain solutions are obtained
for some special cases.

nv,nh

Figure 1. Vertical electric dipole above a uniaxial anisotropic
dielectric half-space.

*The research reported in this paper was sponsored in part by the
Air Force Cambridge Research Laboratories, Office of Aerospace
Research, under Contract F 44620-67-C-0095, and by The Ohio State
University Research Foundation.
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Figure 1 shows a vertical electric dipole located at a height
h above a uniaxial nondispersive, anisotropilc dielectric half-
space with a vertical index of refraction n, and a horizontal index
of refraction ny. The dipole is of length ds and has a current
I §(t). Cylindrical coordinates are used since the problem is sym—
metrical in the ¢ direction. The frequency-domain solution for the
z~component of the Hertz vector in the upper medium has been de-
rived by Wait (1966). When the direct term is removed, the fre-—
quency-dependent scattered field can be written as

e_j 2;‘ ’pz + (z+h)

0z 4meJo B , p2 <+ (z+h)
L) 2 - 2
I () eV W/ed® (=40) 0y
+-2nvnh 1
Dooam 22 - ez +]a2 - awia? | o

If the observation point is directly above or below the dipole (p=0),
the form of (1) is simplified by removal of the Bessel fumction.

The frequency dependence of the integral in (1) can be further
simplified by the substitution A = wa. We are now ready to take

the inverse Fourier transform of Hi (w) to obtain&the time-depend-
ent Hertz vector&ﬁg (t). Since it is known that IS _(t) must be

real and causal,nngt) can be obtained using only gﬁe real part of
ng(w) as shown in Papoulis (1962).

i s _2 (= s
5 (o = 2F [Re I, (w)] = m [ [Re Hoz(w)] cos wt dw, t > 0
- 0Z o
O» 0 (2)

The two integrals on "a" in the expression for g (t) can be eval-
uated by use of the delta function properties an zby use of standard
integral tables. For t < (z+h)/c, Hiz(t) is zero; and for t>(z+h)/c,
sz(t) is given by

Ids nony [et/(z+0)] - flet/(z+#0)12+ 02 - 1

a,
e,© -

bmeo(z#h) ymy [ct/(z#0)] + [[ct/@mI2+nZ-1 O

The magnetic field on the z-axis is zero, and the electric field
bhas only a z—component which is obtained from the time—degendent
Hertz vector by the operation, ﬁgz(t) = [32/322 - (1/c)23 latz]ﬁz;(t).

_
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The time-dependent Hertz vector can also be obtained when both
the dipole and the observation point are located at the interface.

In this case the frequency-domain expression for the total Hertz
vector is

Ids oy (= Jo(Ap) Adx
t —_
Hoz(w) = » J > 5 = 3 (%)
meg Ju nvnhj AL = (w/e) +,f A% - (%m/c) .

The frequency dependence is again simplified by the substitution,

A =wa, and only the inverse transform of the zero—-order Bessel
function is needed to obtain the following time-dependent Hertz
vector. After performing the integration on "a", the following
closed form is obtained which agrees with the result of Van der Pol
(1956) when the lower medium is isotropic.

¥ (py - Lds (”v"h 1 1 ]
oz 2meqP znh - J'nh - 2 +1 j(nh2+l) &t _ nv2

o9 o(= 2} (22 2] - 22)

(5)

The electrlc and magnetic field components can be obtained by op-
erating on (£): Bt (£) = - (1/p) 3/v0 [d ?ft (t)/3p] and

gt) = —€, 85 3 (t)lgpat. There is also a p—component: of the
electric fleld but it can not be determined from (7) because the
z dependence orf ﬁ’gz(t) is uneeded.

The time-dependent Hertz vector ic the lower medium can be ob—
tained when the observation point is directly telow the dipeale (p=0).
The problem is simplified when the lower medium is ‘sotropic (ny =
oy = n). The frequency-dependent Hertz vector for this special case

is
I ds o e” A2-(n/e)? z - l A2-(w/c)2 h

21're°ju.\

Typ(w) =

Adx . (6)

n>2J A2—(w/c) 2+ ﬁz— (nw/e) 2

If the substitution, A = wa, is made, the frequency dependence of (8)
is simplified. The inverse Fourier transform can then be taken using

the same technique which was employed on (1), and the resulting
time-~dependent Hertz vector is

ey b i e

AME & Wb §
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2 + nZ 1 -
2meo [ B2 J1+(n2-1) (h2-22) /(ct)?
[z_*,,nZh.l.(‘h.*.nzz)Jvlq.(nz_l) .g_._—_z.-l} U( t - ll__nz) . (7) -
(ct)? c

The magnetic field is zero for p 0 and the electric field has
only a z-component given by ﬁlz(t) = [02/522 = (m/c)? 32/3t2] ﬁlz(t).

The problem of a horizontal dipole over an isotropic half-space
has been treated by Banos (1966). The electric and magnetic fields
are given in terms of the usual integrals so that the intermediate
calculaticn of the Hertz vectors is not necessary. If the electric
dipole is

#z

—{——-ﬁ-

h y

o P(x,y,2)

€p x

Figure 2. Horizontal electric dipole above an isotropic
dielectric half-space.

oriented in the positive x direction at a height h above an isotropic
dielectric half-space and the observation point is directly above or
below the dipole (x=y=o0),then the inverse Fourier transform of the
scattered electric field in the upper medium can be taken using the
same methods which were used for the vertical on-axis fields. The
resulting time-dependent electric field is

1 4 t - Z'I'h —- t - Z'Fh)
g _Ids ) pi 8 . n-1 6(
E (t) 2= +

4reg | THL L2 (z4n) o+l ¢ (z+h)2

-y ‘ﬂ) 32 _2
c? (z+h) | at?p4f1 + (n2-1) (z+h)2/(ct)?2

4 _ (e0)2/(zt)2 - 1 ]_ c2 ]
2 .

n? + .]1+(n2-1) (z+h) 2/ (ct)

(8)
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Using the same technique, the scattered time-dependent magnetic
field on the vertical axis in the upper medium can also be found.

Details of the material in this paper are included in Hill (1969).
For an arbitrary location of the source dipole and observation point,
application of the techniques used here results in a finite integral
which must be evaluated numerically. In this case one must work
directly with expressions for the field quantities if the time-
dependent field waveforms are desired. The same techniques can be
used for the case of magnetic source dipoles since identical in-
tegrals are involved. If the half-space is dispersive, a Fourier
synthesis technique can be used to secure the waveforms (Hill (1969))
but one is limited to thke usual asymptotic estimates of the frequency-
dependent fields. However, from quasi-static and high frequency
asymptotic approximations and a2 limited number of synthesis results
an estimate of the transient field is feasible. Such an estimate
has the advantage of combining several spectral approximations in
a single real characteristic waveform which, through convolution,
is applicable for arbitrary excitatiomns.

The specific on-axis results detailed in this paper basically
yvield exact closed form expressions for the interaction between a
dipole element and a dielectric half-space. Using these, estimates i
of the response of linear or Rayleigh objects in the presence of a
dielectric half-space for dipole or plane wave illumination can be
obtained. Studies of these and related topics are presently in progress.
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The Propagation Constant of a Small-Diameter
Insulated Helix

F. P. Ziolkowski
Raytheon Company
Norwood, Massachusetts

Abstract

The influence of an insulating dielectric on the propagation con-
stant and coupling of energy from a tape helix to the ambient med-
ia is considered.” The solution presented for a pitch angle of 10°
demonstrates the proper behavior for thick and thin insulation.
The coupling decreases markedly with insulation thickness and
slightly with helix size.

The general procedures developed for the solution of the tape
helix in air (Klock, 1963 and Sensiper, 1955)'is applied to the insu-
lated helix. The notation used in this paper is

r, ¢, z Cylindrical coordinate variables. The axis of the helix
is coincident with the z axis and r = a,is the surface on
which the helix lies.

P Pitch distance between turns of the helix, E = 2%
aq Radius of the helix

) Pitch angle of the helix, tan,d = p/a

3} Tape width of the helix

The filamentary helix is defined by the relation pep-z = 0,
which for a tape helix of width -6/2 < { < 6/2 is Pop-z=¢{.
By use of group theory the unique perioditicities of the helix
have been incorporated into the cylindrical coordinate representa-
tion of the solution of Maxwell' s equations. The z components of
these fields are of the form

o

¥ = o #=/P Z Al L (r! z/p) e RE/P-0)
-0
5 R (1)
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where L, is the modified Bessel function In or K, as is appropriate.
The insulated helix consists of a core 0 < r < a,;, the insulation

a; £ r < a;, and the ambient media a; < r, whereiniis 1, 2, or

3 respectively. Once the field expressions for each of these re-
gions is obtained and the current is expanded in a similar manner,
the eight boundary conditions

Ei_Ei+1
u Tu )
i=1, 2foru = ¢,z (2)
i i+1 i
I-Iu Hu ul

together with the requirement that the electric field parallel to
the tape be zero yields the determinantal equation. In (2)
j11.u. is -j,, g for u = ©.,z and j

tion can be simplified to

2 = ;
L 0. The determinantal equa-

B2 (Fy + sin 9 S;) = (K ctn ) (Fo/7¢ + Fy tan ¥ + S,) tan

- (3)
%= \[2+ %

1
Kozl - E I3 Kp,

where

Fl = IZ.'I KZI 1 + ;
E LKz - LKy

Es ‘T'gK;z
E = -
& T Ka
] 1
I21 , Kazly - M Kply
Fz=—— |1 -ctn d 75 1 Ky, - +1
Iz MEKpL: - Kz lzz
ﬁz 7§ K;z
M=— ——

Hz T3 Kiz
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§
and i
) :
S. = E sinan (1 _{.;_e-ln) j=1,2 :
J a.n?. J I
1 E
. - i
€3 K3
1 - — t -= t '% '
£ = —2 £, = ‘iz ;
€3 H3
1 + — 1 +~—' i
€2 K2 P
i
£
! a; d
t = t t = — 3
12 2 & 1
1+ -1) cos 2 i
A= 2(t' -1) ctn P i
_ b6
@ = 3~ ctn ¥.

A shorthand notation has been used so that Iij = I, (‘r; ajlﬁ) and
similarily for Kij- IfA > 3 then the last term is rcegligible for
which case S§; = S; = 1 -fn a.

by e l At E0 Al

This solution is valid for small-diameter helices such that
lﬁl << 1 and requires the core and insulating materials to be
identical. This core insulation material may have aay per-

meability or permittivity, with or without loss.

The figure is the solution of this equation for a dielectric
core-insulation case in rock media. In this case u; = p; =1
and €3/€; = 4, p = 0 and p3 is assumed 0.1 and 1.0. The
helix pitch angle is 10° witht' = 4.0 and 1.03. The solutions
are compared to the asymptotic cases of infinitely thin tapes
with infinitely thick or thin insulation. Because of the finite size
of the tape of the helix, 6/2a; = .1, the expected dispersion
from each of the asymptotes is encountered. The ratio Bi/Pr is
observed to decrease slightly with increased helix size and mark-
edly with increased insulation. Increasing the loss tangent of the
rock median increases this ratio. Computed results indicate

-
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that insulated helices yield values of Bi/B, that are as much as
two orders of magnitude less than comparably dimensioned, in-
sulated solid conductors.

afa; = 1.03 =——=— : 4
4.00 EZ:ﬁrSianE—.-—:ﬁ
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AN ALTERNATIVE METHOD FOR DERIVING FOCK'S
PRINCIPLE OF THE LOCAL FIELD IN THE PENUMBRA

Dr. R. H. Ott, ESSA/ITS

ABSTRACT

An alternative method for deriving Fock's principle of the local
field in the penumbra is presented. The method is based on
solution of the wave equation in parabolic coordinates, with 2an
impedance boundary condition on the surface and 2 radiation
condition at Infinity. It is shown that Fock's principle yields
surface currents that are extremely accurate provided the ob-
servation point on the cylinder is near the point where the im-
pressed field grazes the cylinder. When the impressed field
travels in a direction tangent to the apex of the cylinder, Fock's
principle is exact for all observation points on the cylinder.

The results presented in this paper are more general than those
given by Rice since his results are limited to the perfectly
conducting case.

' 1.0 Introduction
A number of investigators have studied diffraction of radio
waves by cylindrical (parabolic and circular) surfaces: Rice
(1953), Wait and Conda (1958), Jones (1964), Fock (1965). In
this paper we investigate a plane wave striking the parabolic
cylinder a2t an arbitrary angle of incidence (i.e., the incident
wave ig normal to the axis of the cylinder, but not necessarily
tangent to the apex). The field on the surface of the cylinder
satisfies an impedance boundary cordition. Fock's principle
implies that universal formula exist for the field on the surface;
i,e., when the incident wave is not tangent to the apex we re-
place the original wave direction and cylinder geometry by an
equivalent geometry with the wave tangent to the apex of a re-
placement cylinder with 2 radius of curvature equal to the radius
of curvature of the original cylinder at the point of tangency. It
is shown that for all angles of incidence, Fock's principle yields
extremely accurate results for the penumbral currents, provided
the observation point on the cylinder is near the point where the
impressed field grazes the cylinder. When the impressed field
is tangent to the apex of the cylinder, Fock's principle yields
surface currents that are identical to those derived in this
paper.
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2.0 Analysis
We now consider the field produced by a plane wave, travelmg
in a direction making an angle ¢, with the positive x-axis,

striking the parabolic cylinder in figure 1. It will be assumed
that 0< ¢, <Tr,

Lit . . Grazing Ray
(7, Eo) ¢
‘r = r -
-§,cotd, Shodow
Reflected -y
Ray n = 0 fﬁ
7>0 )
&

Figure 1. Geometry of incident wave and parabolic cylinder,
used in the derivation of the Fock currents. The
origin is at the focus of the parabola.

The solution of the wave equation and an impedance boundary
condition and the radiation zondition at infinity may be shown to
be (Ott, 1969)

1, .
-1 i _dv tanacp) 2 Dy{hEe) BBy (4,
¢=2 > IA . sinVnm cos zCPc. {D (-B5) -« —
ST S zDv(h€°)+hDv(h§,)
p,me)} b em » (a=dZ ). (1)

When h§, becomes large, the following asymptotic representa-
tion for the parabolic cylinder function is valid (Rice, 1953):

1 Ry



-21-

o188 0)~ 2T exp] Hin-Htmin- m/z+m/1z}u”"(ﬁ§a—:)‘
x ai(M/3,%3¢, ) - (2)

where =P
2e0¥? =4 jJ Tds , (v=iu-} .

Substituting (2) and an asymptotic expansion for D, ;1 into (1)
yields the following expression for the normal A2
derivative of (1) on the surface:

1 oy _ -zh o IV12 j -iu[&. - Intan(p./2) ]
2, 2.2 05 2., 2.5, . i e
Es+n%) ° 2rr(§ +n°)° (sinp,)° -
/ an 1/6 m/3 2!3
) H { (zxge ) ( )
2kE%

. hei:/lz R _1;1 '4>;t- Af(epr‘?'Bé;)}-l

GG B0 = {EE - E D e

The Laplace approximation (Copson, 1965) states that the major
contribution to the integral in (3) will arise from the neighbor-
hoods of the points at which

£(2,M) = pl€2 <ntan (v, /2)] (4)

attains its supremum. These points will be solutions of

of/ Bu 0, and it is easy to verify that the point N = -§,cot®p, »
=z 1 KkE? satisfies the condition. Since we are interested in the
integral near the point where it assumes its greatest contribu-
tiom, it would appear that a Taylor series expansion of £(T,m)
about this point would be useful. That is, consider

ff_"l','l‘.) = =kr cos (q} ‘¢o)+ fa(ﬂa%)"'fz (Q,CP,)T » (Q-—-n/ga)s (5)
where

NPT S R S b B SR T SO Y
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£ (Q,0.) e @ sin o, + coscpa)[l +(Qsincp°+ cos©,) cos @y (9

1
(k53 /2) 2
d .
¢ R0,0,) _ @sing, + cosg,) ™
(xE3) 6 ’
and the variable of integration is changed according to

1/3
k€2> k§§>
=( ==e £30
H ( 2/ " ( 2 T (8)
The corresponding functions given by Fock agree with (6) and
(7), provided Q= -coto, .

3.0 Concluding Remarks
The validity of Fock's principle for the local field in the pen-
umbra was investigated for the case of a plane striking a
finitely -~conducting, parabolic cylinder at an arbitrary angle of
incidence. The results show that Fock's principle is extreme-
1y accurate provided the observation point on the parabolic
cylinder is near the point where the impressed field grazes the
cylinder. When the Inpressed field travels in 2 direction tan-
gent to the apex of the cylinder, Fock's principle agrees
exactly with the results presented in this paper for all obser-
vation points.
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BOUNDARY VALUE PROBLEMS IN RADIALLY INHOMOGENEOUS MEDIA *

John G. Fikioris

Department of Electrical Engineering
The University of Toledo, Toledo, Ohio

Abstract

Analytical and numerical solutions of radially inhomogeneous
problems are examined. Piecewise constant and analytic approxima-
tions to the stratification function are discussed and compared.
The advantages of the latter are pointed out., Finally, for a rather
general ease, the amalytic continuation of the assoclated radial
functions 1is carried out.

1. Introduction

Electromagnetic fields in radially inhomogeneous media, with
an obvious extension to ellipsoidal shapes, are of practical inte-
rest in antenna, scattering and lens problems (Tal, 1958). If allow=
ed by the shape of boundaries, the method of separation of variables
may still be applied to such problems. In a number of situatioms
the precise profile of the stratification fimction f(r) is nof known
and, more importantly, mot very critical in determining the wvalue of
certain quantities. An example is provided by the input impedance of
a biconical antenna in such media (Fikioris, 1965a), in particular
dissipative near the antenna region. In contrast, the far fieldd of
the antenna depends on values of f(r) for all r. For the far field
of an inhomogeneous, lossy scatterer of radius d, on the other hand,
values of £(r) mear r=d are more influential than those mear r=0.

In lossless media knowledge of £(r) for all r is required; even
then, a good approximation to it for all r may suffice for certain
problems.,

2. Discussion of Various Approaches

The preceding comsiderations make obvious the importance, from
the analytical and computational standpoint, of an optimum cheoice in
approximating £(r). Iwo practical possibilities exist: a piecewise
constant function fu(r) (M layers in the interval of interest

* Most of the work was dome at the Gordon McKay lLab., Harvard Uni-
versity, Cambridge. Mass., and was supported by NSF Gramnt 20225
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I Sr<ry) or an analytic functiomn fa(r) (having continuous derivati- :
ves of all orders in rysr<r,). Some immediate advantages are evident

in both cases. In the férmer, the sblution R, (r) of the radial dif-

ferential equation is given in terms of known functions. For instan- ,
ce, in spherical inhomogeneities, R,=j, or R =h , the spherical Bes- i
sel or Hankel function, where v, n denote the separation constant.
However, matching of solutions has to be effected at r=d and r=r,
(m=0,1,...M), a tedius task indeed. With £, (r) matching is required
only at r=d,r oI+ The cases ry =0, ry== further reduce the number
of matching surfaces. Here 4 denotes the length of a biconical an-
tenna, or the radius of the lens, scatterer, cylinder, or £=d of an -
ellipsoid, in corresponging cases. "

The weight of these considerations becomes clear, when itvis ‘
noticed that matching at m surfaces involves solution of 2m complex
linear equations in 4m real unknown coefficlents. Computer limita=-
tions in matrix inversion are well known and severely restrict M,

For intervals r,sr<ry long compared with A such limitations on M
will produce inaccurate results. For a meaningful approximation to
f(r) the width of the layers should be selected as a small fraction
of A rather than by matrix inversion considerations. For instance,
A4 coating of a dielectric e2/eo by another e}/eg=iE;/€. Eisults
in 0 reflection (at normal incidence), but for any departure from

d =J\/4, say d,=1/2, the reflection coefficient is significant. Besi-
des, each layer is a plece of non~uniform transmission line of the
same length and corresponding characteristic impedance (Walt, 1962).
All this makes evident the advantages, irn many cases the necessity,
of choosing f_(r) over fiy(r).

It is often desired to study the effects of changing d in the
same medium, particularly in the range r, <d<ry. With fy(r) certain
equations must be modified as 4 moves from Im$ASTpy) €O Ty 1$dSThy9.
In the problem of the biconical antemmna Rn (n=integer)
changes to Ry, (v=fractional) and vice versa, in the coreesponding
intervals. The matching equations are also affected. Such complica=.
tions are absent, when f_ (r) is chosen.

At first glance, even the advantage of dealing with known fimc-
tions, like h,, j,, seems minimal. The computer evaluates them, in-
stead of reading their tabulated values, But then, almost as well,
it may be programmed to compute R,(r), by means of a variety of infi-
nite seriles expressions., Programs éwvaluating recurrence formulzs and
summing series are simple. However, dealing with solutions of the
hypergeometric equation, of which h,, j,, are a particular variatiom,
allows use of recursion formulas relating solutions of adjacent order
and greatly facilitates the evaluation of such functions. In additiom, i
connection and asymptotic formulas among the various solutioms of the
equation are known and simple. Unless f_(r)=br¢ (b, c constamts), the
radial equations possess more than the 3 regular singularities of the 3
hypergeometric equation (or its variations) and, in general, recur—
sion formulas capnot be found. Connection and asymptotic formulas can
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be found in certain cases (Fikiorig, 1963, 1965b) after involved
analytical and computational work. This is the only advantage of
fy(r) over f,(r), but it is an important ome,

3. Analytic Continuation of Radial Functions

In the remaining part of the paper the effect of zeros and sin—
gularities of f,(r) on the amalytical complexity of the problem will
be discussed in general terms. While details can be found elsewhere
(Fikioris, 1963, 1965a, b), certain aspects, available only in the-
sis and technical report form, will be elaborated upon. As already
mentioned, the limits ry=0 and/or ry==, when allowed by the confi-
guration, substantially simplify the solution. The corresponding
matching problems disappear; finiteness around r=0 and the radiation
condition at r== single out proper radial fumnctions, reducing the
number of expansion coefficients. However, both £,(0) and fa(=) must
be finite., This rules out simple forms like f3(r)=br¢ and introduces
additional singularities in the well known radial eqautions for TE
and TM spherical waves (Tai, 1958)

R'{£5(x)=-v(v+1) /T2}R=0 (1), R"=(£L/£,)R"+{f,(r)-v(v+1)/r2}R=0 (2),

respectively. Bor certain problems d=r,<r and f,(0), being of no con-
sequence, may be taken 0 or = resulting in considerable simplifica-
tion. Similar remarks apply whem d=ry, f;(r)=comstant for r2ry.

In any case, (1) and (2) should be solved over the interval
r,sr<ry and the appropriate solutions evaluated at r=r,, d, ry. The
singularities, introduced into the equations by f;(r), restrict the
convergence of the infinite series expressions for R, (r). For inter—
vals long compared with XA, amalytic continuation of Ry (r) becomes
inevitable. As an illustratiomn, (2), whose singularities exceed tho-
se of (1) by the number of zeros of f;, will be solved and analyti-
cally continued in case fj(r)=(x+a)/(x+b)=1+c/(x+b), c=a-b, x=kr=
27r/A, in the interval Osr<= (ro=0, ry==). A bilconical antenna in
such a medium has been investigated in detall elsewhere (Fikioris,
1965a, b). With x=kr (1) becomes

R"™(x)+cR" (x) /{(x+2) (x+b) H{l+c/(xtb)—v (vH1) /x2}R(x) = 0 (vz0) (3)

and has 3 regular singular peoints at x=0, x=-a, x==b and an irragu-
lar singularity of the first rank at x=«, i,e., two more regular

singularities than the Bessel equation. For lossless media x varies
along the real axis; for dissipative media 2long a straight lime in
the fourth gquadrant of the x—plane from 0 to ». The method of Frobe=-
nivs around x=0 yields two independent solutions R;, R, in the form

R(x)=x° ¥ ayx? , |x|<min(|a],]|b|), where o;=v+l for R,, g,==v for

szf(fox.g.ofractional values of 2v#l). The coefficients a, for n=],
2,024s can be found by the 5=~term recurrence formula

b sy e 4 o
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4
nEO ap.m um(n+o-m) =0 ; a_j-o » 3=1,2,... (a1, a,=~-c/2ab) &)
where u,(z)=aby(z), u)(z)=cz+(at+b)y(z), u, (z)=a?+y(z), usz(z)=2a,
u, (2)=1, y(2)=z2(z=1)-v(v+l). '

When 2w+l equals a positive integer there is no change in R,,
but R, becopges logmrithmic. It may be defined as follows: Ry (x)=
Inx Ry(x)+ I bax "V, [x|<min(|a],|[b[). The by's obey an imhomogene:
ous recurrence formula for n>2v+l, whose homogeneous part is the sa-
me as (4) for o=-v, For lgng2v, by=b,d,, where with dg=1, d-j=0 (3=
1,2,...) the constagts 1, dy,....d,,, satisfy (4) with o==v. Final-
1y, bo--ab(2v+1)/{j=° dpy-giy41 (V-] } and by,,41=0.

The analytic continuation of R;, R, beyond the circle |[x|=min
(|a]s|b|) can be obtained using a bilinear transformation t=x/(x+p),
x=pt/(l=-t). The constantpp is chosen to optimize the convergence of
the resulting series in t. The normal at x=-p/2 to the straight seg-
ment from x=0 to x=-p/2, maps onto the unit circle in the t-plane,
The half plane containing x=0 maps onto |t|<1, whereas x=~0, =a, -b,

= map onto t=0, a/(a=p), b/(b=-p), 1, respectively. These points are :~

the only singular ones of the differential equatiom in t,
R"(£)+]- £= ' 2]R'(1:)+1'(‘°""5‘)‘“""a B2
l{(=a)t+al{(psb)t+b} t-1 (p=b)t+b (£=1)%
-v(v—l—l)/{tz(t-l)z}]R(t) =0 . (s)

The first three are regular, the last, t=1, is Iirregular of rank 1l.
The parameter p can be chosen so that x=-a, x=-b are located omn the
half plane that maps onto |t]|>l. Then, a power series solutiom of

(5) around t=0 will converge for |t]<l, providing the amalytic conti=-

nuation of R(x) over the interval of interest OsRe(x)s~. Numerical
computationashave shown that such series can be used for values of
|x| 3 to 4 times larger than those possible in comnection with the
series in x. It is not necessary, in this respect, to map x==-a, -b
outside [t|=1. Sometimes larger values of [x| can be used with se-
ries in t convergent in |x|<min(|a/(a=p)|,|b/(b-p)|)<l. The image of
the straight line over which x varies from 0 to =, connecting t=0 to
t=1, should be as farkher from singularities as possible. This is
the optimum criterion for p, for such restricted values of x.

It remains to comnect R(t) to R(x). This is done here in the
special case p=2a, t=x/(x+2a), x=2at/(l-t), mapping x=-a on t==l, a
convenient choice in certain applications. The series in t are:
R(t)=Ato  ent?, |t|<min(1,|n|), b=b/{2a-b), where oy=vtl for R,,
g2=v for R, and fractional 2v+l. The ep's satisfy a 7-term recur-
rence formula with eg=l, e.=g+(1/2)=1/(2h). As »»0, t=(x/2a){l-x/(2a)
+-'-}- Substituting: R(t)’ (x/2a)°(1+x/28)-°(1+e x/Za+..-)=A(2a.)"°
2{1e(e1=0)x/2a%.+ . }=A(23) "9 (1= f02MD)+. .. ). With A= (2a)9 the so-

<
lutions in x and t are identical: Rex® I  a;xR=(2a)%t® I e,t?,

BRI
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For integral values of 2vil, R, becomes logarithmic. In analogy
with the series in x: Rp(t)=In{2at/(l-t)}R;(£)+B z g tP~Y, ft|<min
(1,]h]). For lsng2v the g,'s are evaluateddby a ogogeneous recur-
rence formula, like that for the en's of R,(t), with g=-v, g_~1,
gy==v+(1/2)~1/(2h). For n>2v+l the gn's obey an inhomogeneous re-
currence formula, whereas B and 82\4+1 are chosen so that Ro(E) =

E (8. This means Be™¥ £ gne8 = =V bo ,f 4., where by=bod, for
all m, or B,E, g,(x/2a)%(1+x/2a)V"" = (2a)"Vb_ L dyx0. Use of the
binomial expansion for small |x|, as before, yields: B=b°(23)‘“
and (for integral v) ng_i_l-mfl(-l)“"'m v gm/{(v—m-i-l)!(m-l)!}. For
v=o+l/2, neinteger, slight changes are involved., The result for R,y
is: -

R, (0)=R,(c) = lnx Ry(x) + b,(2at)™V L g t* , |t|<min(l,|n]).

The formulas are easily checked for functions of low order,
va]l , 2; they havebbeen checked numerically for much larger values of
vs It was also found that thercoefficlients increase faster than
the en'a. More details, as well as methods of obtaining asymptotic
expansions of K;, R, as x»=, can be found elsewhere (Fikioris,
1963, 1965b).
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RADIATION FROM A PARALLEL-PLATE WAVEGUIDE INTO AN
INHOMOGENEQOUSLY FILLED SPACE

R.J. Rostelnicek, University of Illinois. Urbana, I1l. 61801, U.S.A.

R. Mittra, University of Illinois. Urbana, I1l. 61801, U.S.A.

A method involving an extension of the function—theoretic
technique is presented for solving the problem of a semi-

infinite parallel-plate waveguide radiating through a dielectric

or plasma slab. Some numerical solutions are presented for
both cases.

Introduction

The object of this paﬁer is to present an analysis for the
PERFECT

problem shown in Fig. 1.
CONDUCTORS C

| 7
el |

INCIDENT . c
B 2b Y Z

MODE

_nv
by

C

|
o
i
|

2;2;9* |

,%L

Fig. 1. The radiating waveguide with a slab having
a relative dielectric comstant K.

A conventional approach to this problem entails the use of the
variational technique. However, this formulation is necessarily
approximate, since the Green's function for the region external to
the waveguide can not be constructed in a convenient manner. Im
addition, no direct use is made in the above method of the kmown
exact solution of the canonical problem, i.e., a semi-infinjte
waveguide radiating into free space.

In contrast, the present formulation for this problem is based
on an extension of the method followed by Mittra and Bates (1965)
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for the canonical problem. The basic steps involve the writing of the
fields in region B in terms of waveguide modes and in region E in terms
of a continuous spectrum (Fourier integral) representation. Similar
transform representations are also employed in regions A, D, and C.
Typical representations for the magnetic intensity in regions B and E
for a mpo incident mode of unit amplitude are given by

-R z g B z
(Hy)B = cos(-r%)e °© +Z Bs cos(-s%-x—)e s )
s=o
and -
(Hy)E = fE(a)e_E(z-ﬂ_Zt) cos (ax) da (2)

o}

/ 2 2
The longitudinal wave numbers are given by BS = (st/b) -k ° in

region B, § =4\/a2—k§ in E, and n =1/'Yz-kg in C. The mode coefficients

and spectral weight functions are B_, D(a), E(a), C(y), and A(c).

The next step is to solve for the various mode and weight co-
efficients by matching the transverse field components at z = £ and
z = £ + 2t, thereby obtaining D(a) and A(e) in terms of E(z). Field
matching is once more carried out at the z = 0 interface for x > b
and subsequently for x € -b. The resulting four equations are Fourier
transformed and combined to yield the following relationships:

b(1+57)6] = E() r(£7) (3

cevye= I 4 By [RIGR _ Q7 ()
mE(R e+ [ E @[f2 - 2] aa, %)

together with two companion relationships giving the coefficients B

and weight fuimction C(y) in terms of an integral relationship in-
volving E(a). In equations (2) and (3) we have written

E“(a) = a sin (ab) E(a), R7(a) = R(a) exp(f) and Q7 (a) = Q(a) exp(-&f).
The quotients 1/R(a) and Q(a)/R{a) are respectively the transmission
and reflection coefficients for a uniform plane wave incident onto

the dielectric or plasma slab at an angle given by © = sin ! (a/ko).
Equations (3) and (4) represent a homogeneous integral equation

for E(a) and a requirement that E(a) take on certain specified values

at a =sn/b (s =0, 1, 2, cca.. ).

—
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The above formulation is exact, and for the limiting case when
k = 1, an exact solution for E(a) can be constructed using the
function~theoretic technique.

Modified Method of Solution

".. The solution of (3) and (4) for E(a) by the modified function-
tHeoretic technique is accomplished by the ccnstruction of a
meromorphic function F(w) of a complex variable w, which has a certain
pole-zero configuration, and specified branch singularities.
Integrations in the complex plane yield results which, when compared
with (3) and (4) and the companion relations for B_ and C(y), give
the required solutions and the normalization condition. These are:

_ s o
F(-BS) = =b(-1) Bs(l+SS)BS (5)
F(E) = nER" () el ®PE(o) (6
FTL + Fe-n) = mncn )
and P
= - o]
F(8,) = b(-1)Ps_(1+52) . (8)

The function F(w) may be factored imto the form F(w) = F;(w) T(w),
where Fj(w) represents that function employed in the solution of the
canonical problem (Mittra and Bates, 1965), and T(w) represents the
departure from the canonical function due to the presence of the slab.
The preceeding integrations and comparisons together with the factored
form of F(w) yield an auxiliary integral relationship

w-8 w+ z
P o

T(w) = 1 + A(z) T(z) dz . (92

Equation (9) is not very convenient for numerical methods of solution
when w is on the path ¢ due to the singular mature of the partial
kernel A(z), which has poles on ¢ due to the surface modes excited
within the dielectric slab. However, the path ¢ may be deformed to
say 6° on which the integrand of (9) is wholly amalytic. Numerical
methods are now employed together with a process of analytic continu-
ation, and the required wvalues T(w) and T(-w) obtained.

The near fields may be obtained from the modal expansion in
region B or from the Fourier transforms in the open regions. The
radiation fields are obtained directly from the spectral weight
coefficients by employing the method of saddle point integration
(Collin, 1960). The surface modes may be obtained from the residues
of the integrand in the transform representation in region A.
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Finally, the function T(w) may be solved for exactly as
|w|+= and shown to satisfy the edge condition (Meixmer, 1954). Such
consistency is usually difficult if not impossible to demomstrate when
other methods are employed.

References
Collin, R. E. (1960), Field Theory of Guided Waves. McGraw-Hill.

Meixmer, J. (1954), "The Behavior of Electromagnetic Fields at Edges,"
N.Y. Upiv. Inst. Math. Sci. Res. Report—EM-72, Dec.

Mittra, R. and Bates, C. P. (1965), "An alternative Approach to the
Solution of a Class of Weiner-Hopf and Related Problems,"
Proceedings of the Electromagnetic Wave Theory Symposium,
Delf, The Netherlands, Sept.

e R

M M it s 5 s i B 11 P e ' A e s e AN UL i ettt e i e M Sn s o 30 R, I R N L ol AL R L D B A B -

e

foatemand o

L



180°

-32-

(¢) (@)

igure 2. Radiation patterms for (a) canonical problem with
«16hg; (B) b = .16A,, k = 2, 2t = Ay/2, £ = 03 (c) b = .16A,,
2, 2t = Ag/4y £ = Ag/b; (@ b = .16A,, « = -2, 2t = A,/2,

0. The free space waveléngth is A,.

Table 1. The distribution of scattered power into the various
regions, normalized to one watt incident in TEM mode.

TEM SURFACE
o | MODE MODES
cor | P P P P, WATTS
% B E C ™ -
[T WATTS WATTS WATTS 2] 7&~
> i
(a) | .135 .691 .182
.72x10°
) | .154 .678 .092
.077
.195
() | .157 .606 L111
0
(@) | .975 | .17x1073] .025
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Metallic and Dielectric Antennas in Conducting Media(+)

Giorgio Franceschetti ('!"(I'.)l. )
O.Bueci, E.Corti, G.Latmiral

Abstract

' The input resistance and the effective height of several an-—-
tennas are camputed in the limiting static case,for a gap-type ex
citation, and for an unbounded surrounding medium; and then for
a semi-infinite, two-layer:. medium. The system equation is also
computed. Experiments on models completely confirmed theoretical
deductions.

l. Statement of the problem.

For the reception of electromagnetic waves by means of bu-
ried or sutmerged antennas it is rather obvious that metallic an
tennas (e.g. two closely spaced metallic plates) can collect the
current induced in the conductive medium by the propegating field;
and that dielectric antennas (e.g., an ellipsoidal cavity) can
be used to detect the internel enhanced electric field. Dual rea-
sonings apply for the case of transmitting antennas.

The antenna's charecteristics, i.e. the input impedance and
the effective heigth, will be obvicusly dependent on the amtenna
itself and on the used frequency, as well as on the externsl con
ductivity, medium inhomogeneneities and stratificetion, ete.

In order to get genersl results, same kind of schematization
is therefore necessary. Since the used frequencies are generally
very low, it seems to be convenient to develop the simple: static
case.

Theoretical results of our computations were confirmed by
means of experiments on models into a tank. The disturbancies,in-
troduced by the boundaries of the tank, were minimized by using
metallic and dielectric, walls alternatively, and then properly
processing the measured.; data. Lack of space does not allow us
to give further details.

As long as the dynemicel case is concerned, it is iobuitive
that in the low frequency case, the input impedance will remain
practically resistive, and equal, as well as the effective heiﬁ,

(¥) This work is sponsored by the Italian Consiglio Nazionale
delle: Ricerche.

(1) Dept. of Electrical Engineering, University of FNaples, and
Istituto Universiterio Nevele, Naples, Ttaly.
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to those computed in the static approach.
Tkis part of the problem will be investigated in the near
future.

2. Computations in the static case.
Let £ , n be parsmeters describing radial and elevaticn co-
ordinates respectively, ¢(E,n) the potential, o the conductivity :
of the external medium. b
For the considered metallic antennas, whose surface is des. ,
scribed by £=£, (see the tasble in the next page), we have: ’ '

1 i[. - - U&—l(E) -— 1 8 LN
=3 .in( n-jl) 2n-lP2n-l('“) W; °2n—l_f_1 ) Pan-l( n)dn,

(1)
being P(n) the Degendre function of first kind, and 9% the applied
voltage. .The U's are suitable functions, describing the radisl de
pendence of the field.

The current injected into the mediwm is given by:

+ UmaGe) [F o,
I= -no ;I-n(hn-l) on—1 W ?P&_l(n)dn > (2)
o
being the h's scale factors. and being the dash derivation in £,.
We have, for the input resistance:
®
R = '-% Y (3)
being ¢, the applied voltage to the exciting gap. The effective
height h can be camputed from the relation:
‘ 3~ U&= Ih
lm ¢ =358 n gy = 5~ cosé (%)
Evo 1+°° hnor
being ¢. related to I via (.-3).
Similar results hold for the case of the dielectric antenmas.
By referring to suitable coordirate systems, we get (for the
meaning of the numbers see the table), irrespective to the exci-
ting gap dimension:

1 Y
2: Regop 5 b=l 3 #<<L g (5)
. RE—2—: b= .
5: R=gr—r3 b=2L ; <. (6)

For the cther cases, when the exciting gap is assumed to be
infinitesimal, we get fram ( 2 ),being K & known constant:

_ hn- 2 Un (%) "
I= =10 €5 K ;:_n -(-a—n_—lyz[Pan(O)] W . (N
Since, asymptotically for n>>1, [Pan(o)]e behaves as 1l/n,

and Ulan-lman-l as -n, the series (7) afverges.
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On the contrery, assuming the gap finite, even if small,and
letting M the value of n corresponding to s, by means of elabora-
te computations it is possible to transfom (7) as follows:

2 En-l 1 sin 4nn 2n-l
= e — z —
wo¢°KZ—(——)2[P (o) _+1r Y- b T
(8)

By using the asymptotic expressions for Up,_; and Ub,_ l,(6)
tan be summed . (the first one in terms of the _gqpergeometr:.c

function) and we get(for the meaning of the numbers, see the ta-
ble):

R = .2 —L .
3wl o, &, & .4 ;
1: [1* 37 %= 35+ 3¢ (9)
h:& l -
3 5d, 22 _& o4 °
l_IL*’—:i-(ﬂ_L)an
5 =L 1 .
2wolL, 1 L 3
3: R (10)
h:i 1
2 1 L
l'l'?ln]?g
R = 2 ll.. .
wal 34 L >
4: 1+ (2 e =) (11)
h = 2L l

— 2L -
fa 5 1+ —(1+ En-h—)

Egs. (9 through 11) show- the proper logarfthmic singularity,
as it should be expected.

In the case of strip-type anmtemnas, L>>d, by applying the
Schwartz-Chiistoffel transformation for I, we get:

R = b 3
- . >
6 oL |1+ -1—:-} (1+ < £ ) n z]
Le 1
h = — + a. -
T —h 14 [
1+ F(l+ ?i) .lnE

From & practical point of view, it should be remarked that
the weight of the logarithmic term can be lowered, by inserting,
betweer the exciting gap,a thin insulating layers, s.’d.ghi-.ly pro=-
truding towards the cond.uct:.ng medium.

The system equation between two identical matched antemnas
can be cast under the following form:

.
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s [2

P 6
h
== 2| =@ (12)
t hnoRr
where, neglecting the logarithmic.term,we heve:
1 | 2 3 N 5 6
e
0.028 0.067(3) 1.26 22 w22 o.or(& b
fa- =g

Although the comparison . between so different apntemnas is dif
ficult, the spherical anténna seems to be very promising.

In.the more realistic case of a semi-infinite two-layer: me-
dium, (the external of conductivity e'<c) it can be shows that, in
pratical cases, the expressions_for the resistance esre still velid,
those for the effective height mmst be multiplied for o/c¢' and the
system equations for (¢/c')% (therefore obtaining & consistent in—
crease of the field).

The above results are deduced by the analysis of the antenna
immersed into & shell of conductivity o, while the outer medium is
of conductivity o': even for small dimensions of the shell, the in-
put resistance of the antemna remsains equal to that of the same an
tenna immersed into a homogeneous medium of conductivity o; while
the effective height equals that of the same antenna immersed into
the hcmogeneocus medium of conductivity o'. The increase of the ef-
fective height can be computed by applying the image theory.
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RADIATION FROM A SEMI-INFINITE DIELECTRIC-COATED
SPHERICALLY TIPPED PERFECTLY CONDUCTING CONE

(Mrs.) Rajeswari Chatterjee
Department of Electrical Communication Engineering
Indian Institute of Science, Bangalore 12, India

Abstract

The solution to the problem of electromagnetic
radiation from a semni-infinite dielectric-coated
spherically tipped perfectly conducting cone excited
by delta-function sources has been obtained by using
the orthogonal properties of Sommerfeld's spherical
Hankel wave functions of complex order. Tke possi-
bility of radiation of the symmetric as well as un-
symmetric TM, TE and hybrid waves from such a
structure is discussed.

1. Imntroduction

Radiation and scattering of electromagnetic waves by a per-
fectly conducting cone have been studied by many authors (Bailin
and Silver, 1956; Felsen, 1957; Adachi, et al. 1959; Wait, 1969).
The exact solution for the problem of electroragnetic radiation
from a circularly symmetric slot on the conducting surface of a
semi-infinite dielectric-coated spherically tipped conducting cone
has been obtained by Yeh (1964) for the symmetric TM wave.
Closely related problems have also been discussed by Wait (1969).
The possibility of radiation of the symmetric as well as un-
symmetric TM, TE and hybrid waves from such a structure is
discussed here,

2. Formulation

The geometry of the structure is given in Fig. 1. Spherical
coordinates (r, ,9) are used, with the vertex of the cone taken
at the origin. To eliminate the singularity at the vertex, a small
perfectly conducting spherical boss of radius 'a', with its center
at the origin is situated at the tip of the cone.

L P T T
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DIELECTRIC -
COATING (My,€,,07 =0)

CONDUCTOR (o~ =0)
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Dielectric medium (Ms €p o3 =0)

Fig. 1 ~ The geometry of the structure.

The excitation of the structure is by means of a radial electric
field . delta-function source at r = r; for TM waves, a radial
magnetic field delta-function source at r = r, for TE waves, and
a combination of these two sources for hybrid waves.

3. Hybrid Waves

The components E , EB’ E and H, Hg. H_  of the
electric and magnetic fields i_nsige and outside the dielectric coat-
ing are assumed to be a superposition of the field components of
the TM and TE waves, The field components of TM and those of
TE waves consist of an infinite number of terms which are solutions
of the wave equation in spherical polar coordinates,

Applying the boundary conditions that E ¢ and EB must
vanish at r = a it (’1? found that tha)order n ' of the spherical
Hankel functions hn (k, ) and hn (k; r) can assume an infinite
number of discrete complex values n  and n respectively for
TM waves and n"v and n::l respectivéiy for TE waves, where

ky = wakhe, , kp = oz e, ,

& being the angular frequency. The numbers n_ and n, are re-
. . v
spectively the roots of the equations

4 (1) _
o [r bk r):lr T 0 (1
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Ed? [r hf_ll) (k; r)] T 0 (2)
and n:, and n"J are respectively the roots of the equations

al g = o (3)

hfll) (kza) = 0 (4)

The radial electric field delta-function source and the radial mag-

netic field delta-function source at 8 = 90 used for the excitation
are given by

EXFP = E_d(n) e “Fcos (mé)

n
v v

-l? z L;: a (nv +1) h(l) (k, 1) ;'::1 (cos 90} cos (m¢) ej @t
n
v

(3)

(expanding in terms of Sommerfeld's (1964) complex-order wave
functions) where,

(D
E 1 k by (k )

L> = - — (é)
v a (nv +1 Pn (cos %) Nn (k, a)
v v
2
N (i a) = S[hi” (K, r)] d (k, 1) )
v k1 a v
d(r,) = delta-function source (8)
and H?PP = H d(n) exp(jwt) sinm9 9

whick can also be expanded in terms of the complex-order wave
functions.
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Applying the boundary conditions that the tangential components
Er. E¢, Hy, and Hy are continuous at 0 =8, by equating the
applied electric and magnetic fields EiPP and H:PP to E_and
H_ respectively at 0 = 6,, and by making use of the orthogonal
properties of the spherical Hankel functions, result in an infinite
number of equations for the solution of the amplitude coefficients
occurring in the expressions for the field components.

For the symmetric as well as the unsymmetric waves, there
result six sets of independent equations for six sets of unknown
coefficients, and hence it is possible to have 2 unique solution.

4, TE and TM Waves

Proceeding in a2 similar manner to that of hybrid waves, it
can be shown for both unsymmetric TM and TE waves, there re-
sult four sets of independent equations for three sets of unknown
coefficients, while for both symmetric TM and TE waves, there
are three sets of independent equations for three sets of unknown
coefficients. This shows that there is a unique solution for the
field components only for the symmetric TE and TM modes and
none for the vnsymrmnetric modes.

5. .Concliusion

It has been shown that 2 semi-infinite dielectric-coated
spherically tipped perfectly conducting cone can radiate only the
symmetric TE and TM modes, but can radiate both the symmetric
and unsymmetric hybrid modes.
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A

ELECTROMAGNETIC COUPLING OF HORIZONTAL
LOOPS OVER A STRATIFIED GROUND

Herbert Kurss

Institute for Telecommunication Sciences, ESSA
Boulder, Colorado 80302

and

Department of Mathematics, Adelphi U~niversity,
Garden City, N. Y. 11530, USA

Abstract. The primary and secondary fields due to a thin
horizontal circular loop of uniform current over a strat-
ified ground are found as the superposition of cylindrical
modes. The voltage induced in a secornd horizontal cir-
cular loop is then expressed as a single definite integral.
These results are shown to generalize and unify related
results of Slichter, Havelock, Foster, and Wait.

This paper was motivated by a need to measure the electrical
properties of the ground at frequencies in the range of 1 MHz.
With this in mind, it was deemed desirable to develop formulae
for the self and mutual impedance of loops close to the ground.
This goal is achieved here for horizontal circular loops over a
vertically stratified ground. The:'primary loop current is
assumed to have no angular variation (the angle being measured
from the center of the loop). This is quite reasonable at 1 MHz,
since the free space wavelength of 300 m is then large compared
with the size of any physical loop.

In free space the electromagnetic field of a circular loop of
radius a centered at the origin and with a uniform current I can
be expressed in terms of a vector potential which has only a
@-component., If A denotes this component then

A= -“'Zil L J,(ta) T (tp) exp (-1, |z hrat 1)
U’.

where

w = (¢ - ka)']",
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and
K = wiue.

. Variants of (1) have been given by Slichter (1933), Wait (1954),
and others.

In the absence of a ground the mutual impedance, Z,, between
the above loop and a second horizontal loop of radius b and center-

edat z=-d, p=c, ¢@=7 is then shown to be

@ d
Z1 = jowumab j‘o J1 (ta) J1 (tb) J'O (tc) exp(-uld) %. (2)

The static limit of (2) for co-~axdal loops, i.e., u, = t and
¢ = o, was derived by Havelock (1908). The resistive component
of (2) for coincident loops, i.e., ¢=d=0 and a=b, was derived
by Foster (1944).

The effect of the ground at z=-h, with h>d, is to add to Z1
an additional impedance
= jwumab - R(t) J, (ta) T, (tb) J_(tc)exp(-u (2h-d) )ﬁ (3)
Z, = jwi J; 1 1 ol\tclexpl-u, (&= u
where R(t) is the reflection coefficient of the ground. In partic-
ular, if the ground is homogeneous

R = Y- Y | (4)
5=,
where
w, = Jta - k:

and k, is the propagation constant of the ground.

A particularly important special case of (3) and (4) is when
the loops coincide (so that a=b and c=d=0) and wken k is
small compared with |k,| (so that it is a good approximation to
set u; = t). Separating (3) into its resistive and reactive compo-
nents one then obtains

Z,= R, + %,

.
! mewwcummuxm AN VR -3 2ol AL
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with

R, = - wuma® J.o

(-]

L, ( : - “:s) Jf (ta) exp (-2ht) dt
tu,

X~ wura® _[‘ﬂ° R [E-%) 7.2 (ta) exp(-2ht) dt
2 o € \t+y, 1 *
In all of the above formulae the replacement of J, (ta) by
the first term of its small argument expansion, i.e.,

J, (ta) = ta/2,

simply corresponds to the customary dipole approximation of
a loop.
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QUASI-STATIC FIELDS OF SUBSURFACE EORIZONTAL
ELECTRIC ANTENNAS

Peter R. Baunister

U. S. Navy Underwater Sound laboratcry, New London, Conn. 06320
Abstract: The \horizontal electric fiela compo:.ents produced
by a horizontal electric dipole (HED) anteunna, located at or
below the surface of a plane, conducting, nomogeneous eerth
are presented for the quasi-static range. Expressions for
the field comporents produced by & finite length hor<zontal
electric antenna, which have been derived by employing image
theory, are also presented.

1. Introduction

Interest in the determination of the quasi-static fields
of antennas located within or above a plane, conducting,
homogeneous earth has increasea in recent years. (In the
quesi-static range, the measurement distance is much less
than a free-space wavelength but coamparable to an earth skin
depth 3 2(2/0p6)** ) Quasi-static fields are utilized in
the md%{—on methods of geophysical prospecting, which are
discussed in considerable detail by Keller and Frischknecht
(196€) and Vanyan (1967). They are also employed in determining
the coupling between power lines and other nearby circuits, and
for low-frequency, short-range, radic propagetion purvoses.

In section 2, the field-component expressions are presented for
the situation in which both the HED and the receiving antenna
are located below the earth's surface (h and z<€0). When the
HED is buried and the receiving antemna is elevated, .the result-
ing integrals cannot be expressed conveniently in closed form
(Bannister, 1967). However, if the depth of burial is small
compared tod , image theory may be employed. The image theory
results for a finite length, horizontal electric antenna are
presented in section 3.

2. Field-Component Expressions for the Subsurface
to Subsurface Propagation Case

The HED, of infinitesimal length dl, is oriernted in the x
direction and is situated at deptk h (h<€C) with respect to
a cylindrical coordinate system (p.¢.z). The earth occupies
the lower half-space (2<€0) and the air occupies the upper
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half=-space (z) 0). MKS units are employed and a suppressed

time factor of €*' is assumed. '
The complicated field-component expressions for the HED
subsurface to sutsurface propagation case may be derived by
focllowing the procedure outlined by Weit (1961). For '
example, the horizontal electric field-component expressions [
ere given by l

E,~ ’dgm:{k" e=rn [(”‘— 1) (1+yR) — v (z-—h)=]

2axoRy? 2R3 Ry
__(‘*'_4';.‘%:'_"[3+3le+ka’] (1)
YR‘[S+ _(‘”'i‘;l) S 4y (z+h)T‘]}
'E‘,w’z“";}";‘lj R‘;"’Rfo: i (1+;Ro4;v'-'Ro=)— = ‘{[1_ 2“};"" } é

. R.2 R 3(z+h) (z+MI, 3E+h?
(3+3¢R R._-} 1B fla— S+ — |
+3yRi+ ¥R, + [ ] E l X (2)

+ ¥t ]s +v(z+h) (T++3" T_ }]

EY

tinere s¥=Ig6) + 1K Ti¥os , 5= .I.oKl—IlKo, T _IlKl+ IOKO..’ 11K1 IoKo!

——— oy w ——

Ro=[p*+ (z— B)?)2 , By = [p* + (2 + k)?7v2 , a0d Yi= (i a po 0) 17,

Computing numerical results for the subsurface to
subsurface field-component expressions is a lengbthy and
complicated process, but some results have been cbtained.
One method of obtaining numerical results has recently
been discussed by Atzinger, Pensa, and Pigost (1966).

Vhen R, < < & , the field-corvonent expressions redusc
to results consistert with pot~:tial Laecry. Furthermore
whenpd»d andp X 2 + & |, they reduce to previously derived .
results,’ T
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, 3. Image Theory Field Component ExXpressions for a Finite
Iepngth Horizontal Electric Antenna

It is well known that the fields produced by a current
carrying wire, when placed at height h over a perfectly
conducting earth, may be represented by the combined fields
of the wire end its image. If the finitely conducting earth
is repleced with a perfectly conducting earth, standard image
theory may be used to locate the antenna image depth. Bell,
Maxwell, and Watt (1966) have shown that when h < <3|, the
(complex) image depth 4 for the low frequency case is equal
to = (2/M=8(1=~i) , vwhere|d}=YZ 6. Haberland (1926) arrived
at an approximate expression for d when he was determining
the mutual inductance between two single-wire lines with
earth return. Heberlend's result (ldle1.18 W& 8. ), is
very similar to Ball, Maxwell, and Watt's result.

By employing Ampere’s lew, the approximate expressions
for the field components produced by & finite length hori-
zontal electric antenna for the surface to air propagation
case (h=0,220) may be expressed as

?E:z-iwp.ol{b’[llu—(x+]./2) [R 2=(x-L/2) +£ (:+L/2)_(x-l./2) }'(3)
; 47 U |R,, -(x+L/2) Rz..-(x—L./Z) 2] K3, R, '

e~ [ 1
N | ———
T 279qR}, R

LI 1 rz+d z 1 fz+d zJ}
R Ux-L/2)?+y2 LRIZ [(x+L/2)2+y2]LR11 Ra )7

g ool { z+d [a+L/2) - L/2)] z [(“uz) (x-L/2)
[y +(z+d)2]|. Ry, Ry> (y +z9 Ry Ry,

(x-L/2) rz+d z 1 (x + L/Z) rz-r-d z ]}
[y +(x - L/Z)Z]Lnlz zyJ Iy? +(x+l_/2)21 LRn R,,

]

1
1
|

()

'|0Fol “—(z+d)] ’ [Rn-—(z+d)-| a4z rl . N
B Pt ] o

(7)
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end

{ [(:I:+L/2) (x-L/Z)] 1 r(x+L/2) (x—L/Z).I}|(8)|
ly? +(Z+d)2] Ry, Ry2 2 +22)L RZI Rj2

——

where Rll—[(x+l./2)2+y + @ +DH Ru—[(x+L/2)2+y + 231

z

R — e e — o —

R12=[(:—L/2)2+y +(z + ) Rzz—[(x—-L/Z) +y +zz]H

d ‘=(2/y) 3(1 - z).

These expressions are aliso valld for the subsurface to
air propagation case when the source is buried at shallow
depths (i.e.,|hl<< 3’ ). In these expressions when z
appe‘a;!'s along (i.e., not as z+d), z must be replaced by
z4 .

When z = 0 and either x or y = 0, the magnetic field- *
component expressions (6) - (8) reduce to Ball, Maxwell, and
Watt's results {(196€). When the measurement distance is
much greater ther the source length 1L, the above equations
"{3) - (8) reduce to the image theory HED expressions.
Furthermore, when L is much greater than the measurement
distance, they reduce to the imsge theory horizontal line
source equations. Moreover, when the measurement distance
or I is much greater or much less than ® , the image
theory results are consistent with the a.na.lytlea.l results.

-r

As a further example of the simplicity of the imsge
theory results, consider the expressions for the electric
fleld compcnent produced by & long horizontal line source
for the surface tc &ir propaga.t:.on case. The anslytical
_expression is

iwpl 2 2
E o {ZB (4,8 - v, 8- 22120, T (g)-¥ us_l} l(9)

2x Ra Zﬁ

where H (ﬁ) 18 the struve function of order one,Y, (B)
is the Bessel function of the secord kind of order one,
and ﬁ:-y(z-uy). -

= The imege theory result for this case is

T iopf "yz-c-(d-i-z)z
) E.x_ In (10)
27 yz+z2

J‘J
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A comparison of (9) and (10) reveals that the image
theory result is in very good agreement with the analytical
result throughout the quasi-static range.

Image theory may also be employed when the height h of
the source gbove the earth is not much less than & . For
this case, the image depth is nct d but d4h.

It is the author's opinion that image theory can be
extended to include many other cases of quasi-static range
propagation and thus provide results (of simple form) even
for cases in which the field components cannot be expressed
in closed Jorm analytically.
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a

MAGNETIC FIELD EXCITED BY A LONG
HORIZONTAL WIRE ANTENNA NEAR THE EARTH'S SURFACE

R

David B. Large and Lawrence Ball

Georesearch Laboratory
Westinghouse Electric Corporation I
Boulder, Colorado

ABSTRACT

The problem considered is the calculation of the magnetic
field excited by a horizontal line source of electric current placed
upon or near the earth's surface. The length of the line is arbi-
trary, but emphasis is placed upon observer ranges at which
ionospheric effects may be neglected, and which are of the order
of, or less than, a free-space wavelength. The approach to the
problem is partially analytical and partially numerical, and
represents an assimilation of recent results obtained by Wait
and Bannister for infinitesimal dipoles and infinite lines. Some
numerical results for long lines operating at 10, 300, and 41, 000
Hz are presented, and some of the differences between these
solutions and the corresponding dipole and infinite-line solutions
are illustrated.
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The electromagnetic field excited by a long, horizontal
wire antenna (HW.A) placed upon or near the earth's surface has
application in several problems of geophysics. The frequencies
normally range between ten and a few thousand Hertz. The
research discussed in this paper was instigated to develop the
capability of predicting the total magnetic field excited by a HWA
of arbitrary lengtk placed upon or near a2 homogeneous earth of
arbitrary conductivity, with the observer being unrestricted in
range and azimuth, The frequencies considered fall between 10
and 2, 000 Hz, and an extensive set of calculations for a 30 km
HWA operating at 10, 300, and 1, 000 Hz have been carried out.
The analysis is computer oriented, with the field components
often being obtained by numerical integration of the dipole ex-
pressions developed over the past ten years by Wait (1961) and
Bannister (1966, 1967).

An example calculation of the radial magnetic field com-
ponent excited by a 30 kin HWA is shown in Figure 4, in which p
is the range to the center of the line, and ¢ is the observer's
azimuth measured from the antenna axds, and the amplitude scale
is in decibels relative to 1 amp/m. In addition to the results for
long antennas with the observer being on the ground, calculations
have been carried out for observation points above the ground,
and for elevated anternas. TEkese results have been used to
develon simple criteria for deterrmining when the height of the
antenna above ground may be neglected, as well as for determin-
ing at what ranges a line source will appear effectively infinite
in length. One interesting conclusion relative to the latter cri-
teria is that, under certain circumstances, a long HWA may
never appear effectively infinite, no matter how close the
observer moves to the line.

Figure 2 is an example of a second set of calculations
which compare the magnetic field components excited by finite

length antennas, infinitely long antennas, and infinitesirmal dipoles.

In this figure. the observer is broadside to the source (¢ = 90°),
and the range p is measured relative to an origin at the center
of the 2,000 m antenna. Results of this type have been used to
develop simple criteria for determining at what minimum range
a given HWA may be adequately represented as a point (dipole)
source.
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NUMERICAL ANALYSIS OF AIRCRAFT ANTENNAS by E. K. Miller,

J.B. Morton, G.M. Pjerrou, & B.J. Maxum, MBAssociates, San Ramon,

California 1

ABSTRACT. A numerical method for predicting the performance of an
antenna on an aircraft is discussed. The basic features of the approach,
which is based on a collocation solution to the thin-wire integral equa-
tion, are described. Several numerical examples, including the radia-
tion pattern for the OH-6A helicopter, are presented.

L. INTRODUCTION. Evaluating the performance of antennas on an irreg-
ularly shaped conducting body such as an airdraft is now done almost ex-
clusively by experimentation. Models are used for experimental antenna
measurements, but because discrepancies may arise, final evaluation
often requires use of the actual aircraft.

A reliable analytic method for the parametric study of antenna per-
formance would be an important aid to experimentation, allowing con-
centration of measurements on the most fruitful areas. The numerical
approach used here employs the thin-wire approximation to the electric
field integral equation, since this equation can be used both for thin
wire structures and solid surfaces modeled by thin wire grids (Richmond,
1966). The integral equation is solved by collocation using sinusoidal
interpolation to expand the current on each structure segment (Mei, 1965).
The interpolation requires two extra constaats, which are found by a cur-
rent-matching technique, while the required numerical integration uses
the Romberg variable interval width technique (Miller and Burke, 1969),
and the Gauss-Doolittle method 1s used to solve the linear systemm. For
- large systems, the original structure matrix and its inverse are stored

on tape for later re-use. The technique is restricted to structures a
few square wavelengths in surface area, but continued progress both in

numerical methods and computer development will extend its application
to larger, more complex structurss.

I, NUMERICAL RESULTS. In Figure l is shown the backscatter radar
cross section (RCS) of two coaxial-coplanar rings for axial incidence as
a function of the outer ring circumference-to-wavelength ratio. Exper-
imental data taken on the MBA Rail Line Range is shown, together with
computed results found by the thin-wire approach and by modeling the
rings with 16-sided regular polygons. The calculated RCS values cor-
rectly predict the antiresonance.

In Figure 2 is shown an experimental-numerical comparison of the
backscatter RCS of a 14.57) straight wire as ‘a function of the angle of
the wave incidence measured from a normal to the wire. The wire was
modeled with 100 segments, or about 7 segments per wavelength. (Ex-
tensive experience shows that 6 segments per wavelength provides an
accurate nume-=xical result, although the best segmentation for efficieacy
and accuracy is structure-dependent.) Experiment and theory agree well,
even to RCS values 40 dB below the broadside maximurmn.

Application of the numerical method to radiation problems is shown
in Figure 3, where the element power distribution and radiation patterns
of a2 12-element log-periodic dipole antenna array are shown. The suc-
cessive array elements increase in size by 1.07 and are separated by 0. 7
of the longer element length, with the longest ele.aent 0. 6456\ long. The

MBA numericzal results agree well with the results of Cheong and King
(1968).
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NUMERTCAL COMPUTATIONS (BRACT)
EXPERIMENTAL MEASUREMENTS (SIGMA
INCORPORATED REFLECTIVITY RANGE

WIRE RADILS S/A = 0,035
WIRE LENGTH L/ = 14.57
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FIGURE 2

‘Using the thin-wire integral equation to study the aircraft-antenna
combination requires modeling a solid, possibly curved, conducting sur-

face by a wire grid.

ried out to determine the modeling criteria.

A parallel experimental-numerical study was car-
The conclusion of this study

was that a flat wire grid with openings less than 1/8) per side adequate-

ly modeled (within 1 dB) the RCS of 2 solid conducting surface.

A simi-

lar study determined that a circular ring 1 A in circumference is mod-
eled to within 1 dB by a regular polygon of equal perimeter with sides of

length less than A/6.
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A wire-grid model of an OH-6A U.S. Army helicopter was then
developed, using 202 wire segments, to provide the structure input for

the numerical calculatiofs.

the present computer without overlaying.

A maximum of 205 segments is available on
A computer-drawn side view

of the model and a scale drawing of the actual helicopter are shown in

Figure 4.

The primary interest here is antenna pattern prediction for

the frequency range 30 to 70 MHz; the helicopter (actuzl length 23 ft) is
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FiGune 4

about 0.7 to 2 ) long. The average segment length varies from 0. 047 to
0.11 X over this range, while the wire thickness (which conforms to the
windshield cross-brace size) varies from 0, 0011 to 0. 0025 A.

The towel-bar homing aatenna has been considered in the calcula-
tions. This antenna is a dieiectric-sheathed, U-shaped metal rod driven
alternately against the aircraft irame at one end with a matching imped-
ance connected to the frame at the other. This generates two asymmet-
ric patterns about the aircraft axis whose cross-over peints are, ideally,
axially aligned and serve to orient the aircraft relative to a homing radio
transmitter. The horizon:al portion of the towel bar, together with its
image in the aircraft frame (these are self-cancelling), form a transmis-
sion line connecting the two vertical arms which are the effective radia-
tors. The towel bar can be considered as two monopole antennas driven
against the aircraft frame by voltages dx.ffenng in phase by the electrical
separatiorn of the vertical arms plus a 180° phase shift (to account for the
oppositely-directed arm currens:s).

The parallel electric field intensity in the plane perpendlcular to the
midpoint of two half-wave dipoles separated by A/4 and driven 90° out of
phase is shown in Figure 5. Also shown are corresponding results for
a two-wire transmission line model of the towel bar. This model con-
sists of 2 U-shaped two-wire line with 2 center section 0. 25X long driv-
en by a2 matched impedance generator at one end and terminated in a
matched impedance at the other, with gaps cut in one side of the line of
each of the vertical arms. Both of these antennas are reasonable models
of the corresponding monopoles and actual towel bar in the presence of
the helicopter ground plane. Since their patterns are very similar, the
monopole antenna and the towel bar are concluded to be equivalent,

Figure 6 presents a comparison of experunental and numerical re-
sults for the vertically polarized receiving pattern of the OH-6A helicop-
ter for a towel bar antenna symmetrically aligned about the aircraft axis
ard mounted on the top horizontal windshield cross brace. The experimental
pattern was taken by Collins Radio (Griffee and Robichaux, 1967) using a
1/5-scale model at an equivalent full-scale frequency of 32 MHz, while
the numerical results were obtained with two monopole antennas equal in
length to the vertical arms of the towel bar. The numerical pattern is
the vector difference between the two monopole base currents, phase
shifted by their electrical separation. The agreement between the two
patterns is reasonable, although we note that at this frequency the
helicapter is less than 1} long. These numerical results were obtained
by using a total of 205 wire segments, which required omitting the finned

tail section (9 segments) to gain the necessary 12 segments for the mono-
poles.
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FINITE TUBULAR ANTENNA ABOVE
A CONDUCTING HALF-SPACE
by
David C. Chang
Univexrsity of Colorade
ABSTRACT

The characteristics of a finite, tubular, vertical
antenna over an infinite, dissipative half-space is stud-
ied. The magnitude, but not the distribution, of the an-
tenna current is found to be greatly effected by the
presence of the dissipative half-space. At certain dis-
tances above the half-space, a resonance is observed as
the input conductance of the antenna reaches its maximum.

I. Introduction

The radiation of a dipole artenna in the presence
of an infinitely-large, imperfectly-conducting half-
space has been widely studied since 1909 (for a complete
listing of references, the reader. 2o smitz -
is referred to a book by Banos 0
[1966] and review papers by
Wait [1964] and Hansen [1963].) I

z
Effects of finite ground con- '
ductivity and inhomogeneity are

known to have great influence /
on wave propagation from and A
the transmitting characteristics /
of infinitesimal Hertzian di-

poles of both electric and mag-
netic type and were studied ex- ‘
tensively. For higher fre-

quency bands, howewver, the ra-

- . " AR (0.4,

dio source is no longer very %MQZ%W%W’Zﬁ%xaaazﬁi
short both physically or elec- IMPERFECTLY CONDUCTING GROUND (e 1.
trically. Consequently, the ' o - “—
treatment of a finite antenna Fig. 1

instead of an infinitesimal one

is inevitable. Here, we shall present a method to in-
vestigate the characteristics of a finite, vertical,
tubular dipole antenna over a homogeneous, dissipative
half-space.

o w Tt R e e Wk B i ek Sl

»

j
i
E
A
:‘;
g
)
i
i
i
i
i
i
%
i

B S

bt

et AL, -




-60-

2. Formulation and Numerical Solution

Consider the geometry of a finite, vertical, tub-
ular, perfectly-conducting antenna of radius a and
half-length h, located in the air at a distance d above
an infinite, dissipative half-space which hzs a conduc-
tivity o and a permittivity e (Fig. 1l). At the center
of the antenna, a constant voltage source V is main-
tained across an infinitesimal gap in order to excite
a current distribution on the antenna surface. From
what appears in the literature, we know that the
Hertzian potential in the air region for an infinites-
imal, vertical, current element of unit amplitude, lo-
cated at a distance z' over the half-space, is

plp;z,z') = pz(p;z,z')iz

4 +o
EF%I {w {exP[in(z<-z>)] + M(l)eXP[in(z>+z<)]}
(1) Adx
"B UM ()

where ﬁ(x)=(y1k§ + ylkf)‘l (ylkg - szi),

= (k 2 _ A2)1/2

71'2 1,2 : 05 arg(Yl!Yz) ST,

kl = m#uoso : k2 = imuo(o—in) : Cl = 120mohm,
_ larger . - . .

z2 = smaller value of (z,z'") and a, is a unit

vector along z-direction, for a time factor exp(-iwt).
By superposition of all current sources which are uni-
formly distributed on the antenna surface, we obtain
the total Hertzian potential as

- 1 +h 27w _
Tpee2)d, =57 [ dz' [ a8 IDB[Ee.0nrz,2), (2
where r(p,08') = (p2 + a2 - Zpa cos 0')1/2 and I_(z') is

the undetermined total current distribution on £he an-
tenna surface. Since the boundary condition on the
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surface requires the tangential electric field to van-
ish except at the excitation gap, we have

4 ’ i 2 1 z ’ !

-h+d < z < h+d.

The solution of (3) is readily known as

m,(a,z) = Cj cos ky2 + C} sin k 2z + V/(2k_)sin kllz-dl;

(4)
-h+d < z < h+d.

Now, comparing (2) with (4) and after some arrange-
ments, we can obtain a normalized integral for the un-
known current distribution Iz(z):

2H

T ] 4 : Vi s
g I,(2)K(2,2')dz" = %Zl{cl cosz+C, sinZ+3sin|z-E|1;
- (5)
0 <2z < 2H,
where
K(z,3') =i [ {exPliv](2,-2.)1+4(})
, 5 L

. 2,0+ AdA

.exp[lYi(2H+2D—Z>—Z$)]} J, (AA) ;I—: - (6)

Y [ = 2 1
M(A) = (nzvl+Y§) ltn Yi~Y3)i n = kz/kl'

122)1/2 , 41 o (n232y1/2

Yl= 172=

r

0 2 arglyj,Yy) = ™,

and 2 = k., (h+d-2), A = kja, H = k.-h. The two unknown
constants C., and C., are some comblnation of C! and Cé
which can b% deterﬁined by the end-condition:
Iz(z=D,H) = 0.

To find the numerical solution of (5), we first
approximate IZ(Z) by a parabolic function over each
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small segment U, . < Z < U where U = (m-1)A and
A = H/(2N), for?R™: 1,2 T .2%*In. By mBtching both
sides of (5) at sample points z = U_, K =1,2,. . .
4N+1, we can obtain 4N+l algebraic équations. But be-
cause the end-condition imposes I(2=U,) and I(2=U4N+l)
to vanish, we have 4N+l unknown, inclﬁding C1 and

C2, in these eguations:

Bx mIz (Un) = —Eﬂ— sin|Upg-H|; K = 1,2,...4N+1 (7)
r - .
L

L4

m=1

where I (Ul) and I (U4N ) have been redefined as C
and C ,zrespectivefy. ﬁ%nce, the value of I_ at sa&ple
point§ are obtained by a matrix inversion. xcept for
m=1 and 4N+1, the matrix elements B are found to be
some combination of the following mgme t functions:

1 +i(m-1)AX

u(l)(m.s) =1ife gs(-ilA)Jgiv'A)dk
0 .
(8)
e ~(m-1) AX
+ [ e g (A8)T2 (a/1+2%)ar; m=0,1,...4N-1
2 +i (2H+2D-mA-4)

1
W m,e) =i]e g (~iAM)E(y]) 32 (vja)ax
0
o = (2H+2D-mA-A) X - (9)
+ ] e g, A0R(INT) 52 @/l ar; n=l,2,...88-1
0

where s = 1,2,3 and g_{(x) is some smooth function which
approaches to 1/A as %+w,. Notice that the second inte-
grand in both (8) and (9) decays exponentially as A+w

for m>1 and is suitable for numerical evaluation. For
m=1l, the second integration should be truncated at A _,
where X_ is the larger value of 20/A and 5/)A. Leadfng
term in the integrand from A_ to = which contribute to the
the integral, can be evaluaté&d analytically from its
asymptotic expression.

3. Discussions

Fig. 2 shows the total current of a center-fed an-
tenna of a = 0.1lXx_and h = 0.2X_, over a wet-earth at
100 MHz. Due to Phe intrinsic Sharacteristic of the non-
physical excitation, the imaginary current becomes in-
creasingly capacitive at the feeding point. Away from
z = 0, both the magnitude and the distribution of the
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total current are effected by the presence of the im-
perfectly-conducting ground; the proximity effect seems
to draw the current to the lower half of the antenna.
This effect rapidly diminishes as soon as it moves away
(compare d = 0.221,5 and d = 3.0A, in Fig. 2). However,
the magnitude of the total current is very sensitive to
the change of the ground distance: a strong resonance
seems to have occurred near 4 ~ 0.51,.

The input conductances, which equal to the values
of the real current at the feeding-point for both wet-
earth and sea-water are plotted in Fig. 3 as functions
of the ground distance. We observe that the coupling
with a highly-conducting sea-water is much greater. In
both cases, distinct resonances occur - a similar fact
was observed earlier by Wait [1953] in his study of an
infinjitesimal horizontal loop antenna. At a distance of
more than three wavelengths away, input conductances in
both cases converge to the value corresponding to the one
without a ground. For detailed derivation and discussion
the reader is referred to a paper by Chang and Wait [1969].
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EM PROPAGATION OVER A CONSTANT IMPEDANCE PLANE

R.J. King
University of Wisconsin, Madison, 53706

Abstract: The possibility of exciting a surface wave over a plane
surface which has an index of refraction comparable to that of
air is discussed. Such a surface wave can exist if the exciting
source is sufficiently close to the surface.

A recent paper by the author [King, 1969] reformulated the Som-
merfeld problem of EM propagation over a flat earth using the Com—
pensation Theorem. The solution confirmed the results of Norton,

‘Hufford, Bremmer, Bados and others, who assumed the earth-air in-

terface was characterized by a large index of refraction, n. One
is (erromeously) led to the conclusion that this large index of
refraction is the mechanism by which surface waves are generated
and sustained along the surface. Actually, this is a consequence
of basic assumptions made at the outset of the formulation and it
is now well recognized that surface waves can propagate over media
with n~1 if the exciting source launches waves near grazing inci-
dence, e.g., ''tree-top'" or lateral waves propagating over demse
vegetation [Tamir, 1967]. This is in agreement with the conclu-
sions of the author. There are two basic restrictions to the solu-
tiomn:

3A
r

Bwr
for parallel polarization (TM wave), where Y, is the specular angle
of reflection from the horizontal and A, (= Zg/ny) is the normalized
surface impedance evaluated at Y. For perpendicular polarization
(TE wave), Ar is replaced by 8, the normalized surface admittance.
Both restrictions are necessary for the solution to satisfy the
wave equation, while only the second is necessary to satisfy the
boundary conditions at the interface. Nowhere in the solution was
it found necessary to assume 1 << n (= y3/y,). Note, however, that
a large index of refraction is a sufficient but not a necessary
condition to satisfy |sin Yp + Ar|2 << 1 (see the previous paper).
An inspection of the solution shows that the surface wave simply
does mot propagate well if the surface impedance is not small,

since the leading term of the asymptotic expansion appears in the
near zone if IAr 1. For a homogeneous earth, the second condi-
tion in (1) is

| sin Y+ Arlz << 1 and << cos YP_. (1

Y 4 o 2
=2 A sy << [a_] (2)
Y1 Ho T T

which i1s readily satisfied for large n, and can also be satisfied
for small n (= 1 + 3n), for then (2) becomes

sin P << (20m)1/2, (3
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for both TM and TE waves. It is apparent from (3) that surface
waves can propagate uver media with n=l, provided that the angle
Yy is sufficiently small. The question remains whether this re-
striction is a consequence of the formulation used or whether it
is nature's way of saying that this condition must exist in order
to launch a surface wave.

Since the compensation theorem is essentially a perturbation
theorem and a perfectly conducting plane (n=*) was used as the
unperturbed case, there was a possibility that a better solution
might be obtained using a free-space plane for the unperturbed
situation. An attenuation function, G, was defined which multi-
plied the free space field to account for the presence of the im-
pedance plane, and the second formulation was carried through in
the same way as before to obtaim

P P
. 1 2
- —'———~
G(d,h,z)= 1+1De {—lk IO [51nw2-A(wl)]G(pl’h »0) lk(coswl coswz)dp
' coswd /plpz 1

(%)
The angles Yy and P, are angles of incidence for waves from sources
1 and 2 at heights h and z, D is -the direct distance between the di-
poles, d is the horizontal projection of D, cos Yq = 4/D, and pg and
p2 are circular cylindrical radii to a general point on tkbe surface.
The main difference between (4) and the expression for the attenua-
tion function used in the earlier formulation is the presence of
the sin Y term. This is essentially the same integrai formula-
ted by Hu%ford [1952], but he was umable to reduce the result to
correspond to that obtained by Norton [1937]. Although the manipu-
lations are somewhat more tédious than the previous case, they are
essentially the same and one can cbtain precisely the same result
by assuming sin 4@ ~ z/py and A(w ) = A.(Yp) in (4). This is re-
assuring since one obtains the same solution of a perturbation
problem by starting from two extremes—-a perfect conductor and a

free space plane.
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ON THE SURFACE IMPEDANCE CONCEPT

R.J. King .
University of Wisconsin, Madison, 53706

Abstract: The genersi application of the surface impedance (ad~-
mittance) is discussed, and two extreme cases are considered;
when the scattering medium is a perfect conductor and free
space. The surface impedance can represent nearly exact boum=-
dary conditions and need not be reciprocal.

The utility of the surface impedance concept is often ques—
tioned because of the doubt as to 1ts exactness and applicability
to certain problems. To define surface impedance, Zj, let there
be a uniform plane wave incident upon a homogenecus plane surface
such that the propagation vector k, makes an angle Y with the sur-
face. Then, Etang/Htang='Zs for parallel polarized (TM) waves,
while for perpendicular polarized (TE) waves we define a surface
adoittance Y, through Htang/Eteng=Ys' For a TM wave I1n free space
(with Yo=ik°) obliquely incident upon the plane which is entirely
uomogeneous Inside with complex propagation constant Yy,

'|,| 2
1 1 2
z, =Ry - 0D cosurV &b
Y ¥ Y1
Sipce the TE case is the dual, one gets
_ 1Y% 12
Ys o Yl [1 - (y /Yl) cos w] (2)

The surface 1mpedance (admittance) given by (1) or (2) should
not be confused with the "Legntoyich bouadary condition" which
would be obtained if (y /Yl) cos§¢<<l. This has been discussed in
detail by Godzinski [1961], who goes on to show that the surface im—
pedance is applicable to much more general problems if the change in
the field along the surface over a distance of the order of a wave-
length, Ay, in medium 1 is small. In other words, the field inside
medium 1 should be locally plane, but the field outside the medium
need not be locally plane with respect to A .

Two extreme cases are when medium 1 is a perfect conductor or
free space. The perfectly conducting case is obviously an exact bowm-
dary conditlon regardless of shape of the conductor. If medivm 1 is
free space, the field along the Interface must mot change appreciably
over a distance A,. Other situations lie somewhere between these two
extremes.

To illustrate, consider a Hertzian dipole above an impedance
plane as shown. Using well known field expressions, it is a simple
exercise to show that if the plane is free space! then over the shad=-
ed regions, Ep/H¢——n°sin¢forthe VED and Hp/Ee— for the HED. Now,
from (1) and (2) letting v 1Yo and pl—u s one gets Zg=n,siny
and Y =sin¥/ng. Therefore, Zg(Ys) given by (1) and (2) would seem to
apply at least to distances where r>A, in the free space (worst)

M L F A 8 A i M s =
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case and there is little reason to believe that it could not also be
applied at even closer ranges when the lower medium becomes a dielec-
tric or conducting medium, being exact everywhere for the perfectly
conducting case. The same remarks apply to vertical or horizontal
magnetic dipoles since they are duals of the electric dipoles. Fi-
nally, if h>Ao the concept can be applied everywhere over a free
space plane. When seeking solutions to problems outside of the near
zone where r>>A, the questionable region immediately beneath the di-
pole often becomes an insignificant part of the total surface and

the error incurred in using Zg (Yg) becomes negligibly small.

The impedance (admittance) may be variable over the surface if
it changes slowly in a distance A; along the surface. If the region
where this requirement is violated is a negligible portion of the
total surface, small error is incurred. When the surface is curved,
the local radius of surface curvature must be much less them }3.
Godzinski [1961] discusses these situations in more detail, and gives
an extensive list of references.

One should not leave this topic without some comment as to reci-
procity, and the corresponding demands upon the surface impedance
(admittance). Since waves originating from two different sources (a
and b) arrive at different angles (Y, and ¥p) from different direc-
tions and possibly undergoe different internal reflections in the case
of nonparallel stratified media, the surface impedances (admittances)
will differ at every point. If the sources are both outside of the
scattering medium defined by surface s, the application of the reci-
procity theorem and (1) gives

of 2aW Ry By, ds = f 7, (W)By, By, ds 3

where the H_'s are the tangential magnetic fields of the two sources.
A similar dual equation results if (2) is used instead of (1). Thus,
(3) shows that it is not necessary that Zy(Yy)=Z,(dy). It is there-
fore apparent that the two surface impedances need not be equal, and
therefore ''reciprocal’, but rather, we require (3) be satisfied
which is a distinctively different situation.

Godzinski, Z., (1961), The Surface Impedance Concept and the Structure
og Radio Waves over Real Earth, Proc. IEE, C., 108(14), 362-373.
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THE IMPEDANCE OF A FINITE HORIZONTAL ANTENNA ABOVE GROUND
W.J. Surtees, Defence Research Board, Ottawa.

Using equations for the radiated field of a thin linear antenna
with sinusoidal current distribution in an expression derived from
the compensation theorem, the change in self-impedance of a
horizontal antenna of any length placed over 2 homogeneous ground
of finite conductivity is obtained. Calculations for a half wave-
length dipole are compared with some experimental values.

1. Introduction

Sometime ago I developed expressions (Surtees, 1952) for the
change in self-impedance as a thin, linear antenna is brought into
proximity of a homogeneous ground of arbitrary electrical constants.
The explicit results were never published nor have I seen similar
results available in the literature. Although FitzGerrel (1967)
has used these results to check his work on the gain of linear
antennas over imperfect ground, the work remained essentially un-

published. The purpose of this digest is to rectify this situation
and make the results more generally available.

2. Formulation

Monteath (1951) has shown that the self-impedance Zp of an
antenna placed over a perfectly-conducting ground would change to
ZpA' when placed in the same location over a ground of surface

impedance n' By applying the compensation theorem he has shown
that the change in self impedance is approximated by:

L ]
AZp = Zp' - Zp = ’I‘—Oz- J[ Ha? ds (1
when I,, the current applied to the antenna produces a radiated
tangential magnetic field, Hyt+ along the surface of the perfectly-
conducting ground with the integration extended over the whole
surface.

When a thin, linear center-fed horizontal antenna of length 22
is placed at a height h above a perfectly-conducting ground the
tangential magnetic field is given by:

_-3lo h -jkry -jkry
He 27 sin k& (x¢ + hZ2) (e te

x2 * h2+(z_£)2’

- 2 cos k& e_jkro] (2)

where: T, 2

2

T x2 + h2 +(Z+2)2,
o2 = x2 + h2 +22,

k = 2a/Xx, A is wavelength of the radiation.
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The origin of rectangular coordinates is placed at the terminals
of the antenna and the Z-axis directed along the antenna with the
y-axis into the ground. After placing (2) in (1) and carrying out
the integrations the final result is

_ -n' -j2kh 1 . - . 2
AZA = An sinZ ki [{e [1 + ——jZRh) + j2kh Ei (—JZkh)} (2 + 4 cos~ k&)

joke [_-j2khwy (1 . 1 S
re [e G, * 5o * B EL G- §2khey) ]| +

e—j 2ke [e-J 2kh/w;

. _ o ke  -j2khep (1 . 1
(o + 35 + 32 Ei (R - 4 cos la {IF [7IFR2 (20 2

. - -jk2 r_ -j2 1
+ j2kh Ei (-j2khwy)] + e T [e —% (wz + jZkh)

+ j2kh Ei (-jZkhmz)]}] (3)

2
where: w; = (:'?-+ 1)% + % ,

2 .
2 P ')
&mp‘* )7 + 2

3

and wp

and Ei (-jy)

Ci (y) -3 Si (¥} + jn/2

= J e 3¢ d—$ is the exponential integral of imaginary
y
argument.
The change in self-impedance for the center-fed, half-wave horizon-
tal antenna is obtained from (3), by putting 2 = A/4 and is:

szp = - B [2e T3P (3 4 J.%kh) + j4kh Ei (-j2kh)
- ¢ ~IZ%Kho Q% + J;kh) - j2kh Ei {(-j2khe)
- e TIHR/e -J%_E] - j2kh Ei [iiﬁ]l (4)
1 el

The function H and © are tabulated in Table 1.

PR S
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Antenna height Change in self-impedance x 47n/n'
h/A H 6 (degrees)
0 @ 360
0.01 50.2 359.65
0.025 20.3 357.86
0.04 12.9 354.71
0.06 8.86 348.72
0.08 6.82 341.13
0.10 5.58 ‘ 332.29

1/8 4,57 319.91
1/4 2.43 245,87
3/8 1.67 162.70
1/2 1.26 '76.88
5/8 1.01 349.50
3/4 0.84 261.20
7/8 0.72 172.43
1 0.63 83.36

Table 1. Horizontal half-wave antenna at a2 height h above imperfect
ground.

3. Results

Some experimental results relating to the resistance of a horizon-
tal antenna over an imperfect ground of dielectric constant e' = 25
and conductivity ¢ = 0.013 mhos/m have been reported by Friis et al.
(1934) and are compared in Table 2 with corresponding values calcu-
lated from (4).

Antenna Wavelength Resistance over Change in
height A Perfect ground Resistance
h/x (metres) (ohms) (ohms)
Experiment  Theory
0.01 8 1 89.0 295
0.07 8 13.3 31.7 45.2
0.18 8 55.5 6.7 10.4
0.345 27 98.0 -6.0 -8.8
0.36 17 97.7 -6.9 -9.8
0.625 17 57.8 4.0 5.7
0.83 17 83.5 -4.1 -3.4

Table 2. Input resistance of a horizontal half-wave antenna over
1207

Tound of surface impedance n' = .
g o (25 - § 0.780)%

R
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It is seen that the input resistance as predicted by (4) is
within 5 percent of the experimental results, when the antenna is
placed at heights greater than 0.2 wavelengths above the ground.

At low heights, where the change in resistance is largest, the
theoretical results have the greatest error. This is to be expected
as the approximations are not true at low antenna heights. Also

1
at the frequencies employed, I%Fl is approximately 6, which is

considerably larger than the value for a highly conducting ground.
It is therefore expected that the predicted values from (4) would
be more nearly true if the ground had a larger conductivity, or if
the frequency were decreased.
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Impedance of a Finite-Length Insulated Dipole
in Dissipative Media

Carson K. H. Tsao and J. T, deBettencourt
Raytheon Company, Norwood, Massachusetts

1. 'Introduction N

Theory of cylindrical insulated wire antenna in a dissipative
media has been treated in the past as an infinitely long coaxial
transmission line (for example, [izukaand King 1962). The prop-
agation constant and characteristic impedance are obtained in
terms of cylindrical waves. In this paper, the cylindrical wave
solution is modified for application to finite length dipoles.

The present consideration relates to the notion that within
the antenna region, there must be electric flux lines connecting

the opposite halves of the dipole as depicted by the spherical
TEM wave.

2. Transmission Line Parameters

An insulated wire has an inner conductor of radius a, and is
covered by a layer of insulation having outer radius a, and dielec-
tric constant €,. Extermal to the insulation is the propagation
medium with dielectric constant €3. Corresponding to €; and €3
are the plane wave propagation constants k,; and k; respectively.

In the cylindrical wave solution, and axial propagation con-
stant k is determined from the boundary conditions at p = a,, a;.
For a finite-length dipole, if relatively thin, the feed-point and
the ends can be expected to have little effect on the current dis-
tribution so that the same propagation constant k satisfies the
local boundary conditions, although the distribution of fields may
be different in the case of the dipole than for an infinitely long wire.
Thus, the propagation constant k is given by

a, az €2
kz=k% (_ln-é_l + A) /(ﬂn:; +€_3 4) (1)
where
A = 4&_,1_8.2 H§Z) (13 a,) / H](.Z) ('233'2)]
k2=k§_-£%=k:§z"e§'
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Although the propagation constant k for a dipole is regarded
as the same as that for an infinite wire, it is not expected that
the impedances will be the same for the two cases because of the
need to account for the principal TEM wave. In the cylindrical
wave solution, for relatively thin insulation, i.e. |222,] < .ézazl
<< 1 the tangential magnetic and the radial electric fields in the
insulation are

E, = 22EE ang H, = oi—. (2)
z2 27 pk3 2 TP
These are equivalent to the Eg, and , components of the spheri-

cal TEM wave by substituting p= n sin 6

Although higher order spherical waves are expected to exist,
these waves do not contribute to the evaluation of potential drop
V between the opposite halves of the dipole because of the sym-
metry; V is necessary in determining the characteristic imped-
ance Z,. The evaluation of V is simplified if the cylindrical
dipole is replaced by a biconical antenna. With this substitution,
it is readily shown that the average characteristic iripedance for
the corresponding cylindrical dipole is

.k 2.2
Zy = T o (“Zn ot - =) (3)
where
b = 2(,2:1% - 1)

is the thickness parameter. The corresponding distributed im-
mittances of an equivalent transmission line are

€2

€5 2 )

joem/iln — + = 2y .
Y-J‘*'-‘Q“T(n;;'!'?;i).

- az
- i il
z = Toe, (fn 2 +

(4)

It is noted that the results in (3 and 4) are valid for bare antennas,
i.e. a; = a;.

2

TN

i

4 Gl L R S i el

RN

P
E50

o e A AR

4

)
LE

[ U




—74-

Of the four transmission line parameters, only two are in-
dependent. In the case of the dipole, the two forming the inde-
pendent set are k and y. The behavior of the propagation con-
stant is well understood and has been experimentally observed
(Iizuka and King, 1962) and will not be considered further here.
The distributed shunt admittance y obtained here differs from
the one obtained in the cylindrical wave solution due to the term
involving ¥ and experiments have been conducted to verify this.

3. Experimental Results

The experiments involved measuring the input resistance of
an electrically short, open-circuited, insulated monopole in a
water tank (5.5 meters in diameter and 1 m in depth). If the
water has large loss tangent, the input resistance of the mono-
pole of length h is

_ ik ~ 1 @
Rin = Re Zytanbm ~ Re 235~ Tro,n (5)

where 03 is the conductivity of the water.

In the experimental setup, a ground plane (1m?) is placed
just below the water surface. The monopole is attached to the
underside of the ground plane. From considerations of electri-
cal length of monopole, loss tangent of water, tank dimensions,
and input reactance, the set of test parameters are chosen:
f=1MHz, a, = .0814 cmm (No. 14 wire), a,/a; = 1.5 (teflon
tubing), h = 10 to 40 cm, and 63 = .03 to 1 mhos/m.

Input resistance of the insulated monopoles are made in
water at two values of salinity (S = 0 and 20 1lbs of salt in tank
capacity of 3700 gallons). The measured resistances and the
deduced water conductivities are shown in Figure 1. The con-
stancy of the deduced conductivity as a function of antenna length
is a verirication of equation (5).

Input resistances of an 25 cm insulated and a 20 cm bare
monopole are measured. Conductivities deduced from the input
resistances are shown in Figure 2 as function of water salinity.
There is good agreement between the data on the two types of
monopoles and the correct functional dependancy between con-
ductivity and salinity of the water.

" p———— S e
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Figure 1. Input Resistive and Solution Conductivity
as Function of Monopole Length
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In studying subsurface radio transmissions, antennas are
immmersed in the rock strata through deep drill holes. There are
impedance data on a number of insulated antennas in the drill
holes (Tsao, 1964). It has been possible to deduce with reason-
able success the conductivities of the rock media around the
antennas from their resonance frequencies. Difficulties have been
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encountered, however, in interpreting the low frequency input re-
sistances, being much higher than predicted by the cylindrical
wave solution. With the modified solution obtained from the in-
sulated biconical antenna approach given above, these earlier data
have been reinterpreted to deduce the local conductivity values.

The results are summarized in Table 1 (Tsao, and deBettencourt
1966).

Table 1. Conductivities in Drill Holes

Rin RESONANCE | CONOUCTIMITY MiLL! MHOS/0
M
wocamion | o QBones | onms | FREGUENCT Ioeoucen | oepuces
{10 kHZ)| fo W KH FROMR,n | FROM fo
WO, 18 PVC | 46 28 138 26
HOLENOI |gelgry - 2 46 53 122 .38
HOLENGE |wo.18PVC ! | T2.8 » .089 s
NO. IBPVC 1 2 » 104 14
HOLENO.S | g gru 2 a6 609 ‘087 093
e lng-esu 2 121 63 048 n

The previous impedance solution for the insulated antenna
is modified by viewing it as an insulated biconical antenna, This
results in 2 unified solution which can readily be shown to be
applicable for a number of special cases: (a) the insulation is
vanishingly thin, i.e. the insulated antenna degenerates into a
bare antenna; (b) the medium has low loss tangent, i.e. for very
high frequency applications of antennas in ground; (c) the med-
ium is highly conducting; and (d) the antenna is electrically
short.
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Distributed Shunt Admittance of Horizontal
Dipole over Lossy Ground

Carson K. H. Tsao
Raytheon Company
Norwood, Massachusetts

1. Introduction

A cylindrical dipole antenna, located near a lossy ground and
parallel to the surface, can be studied as a lossy transmission
line. The distributed series impedance of a horizontal long wire
over ground has been reported by Wait (1961). In the discussion
here, only the distributed shunt admittance is considered.

2. Distributed Shunt Admittance

A horizontal cylindrical dipole is above the surface of the
ground. The two sections of the dipole cylinders have radius
a and length 1I.. The axis of the dipole is at a height h + a above
the ground. The dipole is considered thin, i.e. a << L.

The air and the ground are two dielectric media with die-
lectric constants €; and €; = €5 € (1 - jp) respectively, where
P =0/wep €. The distributed shunt admittance y of the dipole
can be obtained from the distributed capacitance c between the
opposite halves of the dipole; vy = jwc.

In an electrostatic case, it is assumed that dipole cylinders
are oppositely charged and can be represented by line charges
with densities +q and -q coulombs per meter on the two cylinders.
The presence of the ground is accounted for by allowing an image
dipole. The charge densities are

€1 - € €1 -~ €o
- €1+€oqand+ €+ ¢

Given these line charges, the potential drop between the dipole
cylinders is readily determined. Because of the assumption of
uniform charge density on each dipole section, the resultant
potential drop between corresponding points on the two dipole
cylinders is a function of distance from the center of the dipole.
In a dipole with perfectly conducting cylinders, a voltage gradient
along the dipole does not exist. For a thin dipole, this gradient
will be small and the average value potential d»op can be used.
This results in a distributed shunt admittance of

q on the two halves of the image dipole.

j2rwe, _
y = jwec = ,§b=2(£n%-l).
€1 - €
c K ———
g €1+ €
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In the above, ¥ is the thickness parameter, K is the correction
factor accounting for the effect of proximity to ground and vy, is
the free space distributed admittance,.

It can be shown that K =0 if h >> L; that is, for the dipole
sufficiently removed from ground y = y;. The same result is
obtained if €; = €5. It is also interesting to note that K = § if
h = 0; this results in a

_ . 21w (€116
YyYEI7 |z )

i. e. the distributed admittance is proportional to average value
of dielectric constants for the air and the ground.

Although the admittance derived here is for a dipole in air
parallel to a lossy ground, it should be noted that the result is
applicable to any semi-infinite media.

3. Input Resistance of Electrically Short Dipole

The result in the preceeding section can be used to determine
the input resistance, due to ground loss, of an electrically short
dipole parallel to the ground surface. The dipole is regarded as
an open-circuited transmission line of length L.. Therefore the
input impedance is Zin = Rin + jXin = 1/yL. The correspond-
ing input resistance Rjp represents ground loss and is, from the
electrostatic method;

_ K Zerp
in - 27we,L

> , (Electrostatic)
(e, + 1) + (e_p)

o
wep €, .

o)
1

This can be compared with the ground loss expression due to
Sommerfeld (See Sommerfeld, 1949, or King, 1956):

2
L
60 h+a)

= » (Sommexfeld).
in

[erz + ( erp)z]
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These two expressions for input resistance cue to ground loss
are totally different, although both predict an increase in input re-
sistance when the dipole is lowered toward the ground surface.

The electrostatic solution predicts that the input resistance
of the short dipole is maximum when the loss tangent of the
ground is unity and decreased to zero when the loss tangent (or
conductivity) becomes either very large or very small. On the
other hand, the Sommerfeld solution indicates that the resistance
rises monotonically to an asymptotic value when the ground con-
ductivity decreases.

4. Experimental Results

A set of measurements were made with dipoles placed on the
surface of the ground. The dipole lengths ranged from L = 0.075
to 15 meters. The dipoles were made from the braids of RG-8/U
coaxial cable with the resultant radius 2 = .00375 m; this pro-
vided a flexible dipole which could be readily bent to follow the
contour of and be in contact with the ground. The measurements
were made in the Boston area in a late winter month when the
ground was still frozen excetp the surface was wet due to thawing.
The ground conductivity was estimated to be of the order of 10-3
mhos per meter due to the gravel subsoil base and low tempera-
ture.

The measured data, taken at .1, 1 and 10 kHz, are summar-
ized in Figure 1 as function of dipole half length L.. Theoretical
curves from the electrostatic and the Sommerfeld solutions are
also shown for comparison.
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In Figure 2, the measured input resistance of the dipole with
L = 1,9 meter is shown as function of frequency and is also com-
pared with the theoretically predicted values.
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Figure 2.

In both Figures 1 and 2, ground constants assumed are
o = .5 X 107%> mhos/meter and e, = 225.

5. Discussion

The solution formulated by Sommerfeld starts by consider-
ing a2 primary field excited dipole current and a secondary field
reflected from the ground due to the incident primary field. The
dipole resistance is obtained by considering net power flow across
two planes above and below the horizontal dipole. This method
neglects the interaction between the dipole and the secondary field
incident on it. That is, there should be a third field or the scat-
tered field from the dipole due to the secondary field.

The effect of neglecting the interaction between the dipole
and the secondary field is believed to result in the discrepancy
between loss resistances predicted by the Sommerfeld solution
and the electrostatic solution.
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THE LINEAR ANTENNA IN A PTECEWISE HOMOGENEOUS ENVIRONMENT
D.V. Otto!

ElectroScience Laboratory
Department of Electrical Engineering
The Ohio State University
Columbus, Ohio 43212
23 April 1969

Abstract

Numerically efficient and accurate techniques for solving
tbree canonical problems of the antenna in a piecewise homogeneous
. medium are developed, these problems being (a) the curremt in-
duced on a thin lossy wire by an arbitrary incident field, and
the treatment of inhomogeneities in the (b), Fresmel or far zone,
and the (¢), near zone. Examples dealt with are a simple array,
an antenna on a finite size ground plane and a dipole on a sphere.

Introduction. A typical problem of current interest is that
of the array of linear wires mounted on an aircraft, rocket or
satellite. In this situation one readily distinguishes three
canonical problems. First, there is the general problem of the
linear lossy wire immersed in an arbitrary field. Second, tech-
niques are required to deal with the effects of inhomogeneities
in the far and Fresnel zones, and third, inhomogeneities in the
near field have to be accounted for. This paper deals with ef--
ficient numerical methods of solving these problems.

The Exact Current on_a Thin Lossy Wire. Assume first that
the fields some distance from the wire can be calculated approxi-

mately from the equivalent line current. Then we can let the line
current be represented by a plecewise sinusoidal function (Otto
and Richmond, 1969) so that the E, (for example), is given by

N -ikR
E,(r,2) = 452 y oarre 3 )
L | J kRj

Now suppose an arbitrary incident field impinges upon the
wire. Then AIi and A;ﬁ become dominant in (1) and the field near

IPresently with the Department of Electrical Engineering,
University of Auckland, Auckland, New Zealand.
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the ends of the wire is given by the 1lst and Nth terms of (1).

Consequently a zero order solution for the current on the wire

may be written using the Fourier Transform (F.T.) theory of an-
tennas (Otto, 1968):

Io(2) = Ti(2) + A Ip(h-2) + B Ip(kz), |z| <k, )
where
B o P
ez = - f E,(z")Io(z-2")dz", |z] <, (3)
= (tr2)
and (for a solid wire),
« , , e—ika/z_zI;z
(z) = kJ {14+(z/a)2}1/6 (z/a)-1/3 I_(z+2"')dz".
® kV/z2422 © . @
[e]

Once I, (z) has been calculated, an iterative scheme is easily
set up to determine the current more accurately, for mow the Ij,
(j=2,N-1) may be evaluated. In general, therefore we have

Iy(z) = I1(z) + AyTp(h=2) + BT (ikz) + ATy 4 (2). (5)

Convergence is extremely fast, a factor of 20 per iteration being
typical. This implies that an accuracy of about five percent is
obtained with the zero order solution.

The effect of finite conductivity of the wire camn be taken
into account since the effect is a contribution to EL1(z) through
the surface impedance. For normal conductors the rate of con—
vergence given previously is not affected significantly.

Fresnel and Far Zone Inhomogeneities. If the inhomogeneities
are sufficiently remote, iterative methods provide effictent so-
lutions. Two typical cases in which this situation is found is
the large array and the antemna (or array) mounted on a finite
size ground plane.

For the arbitrary array the zero order solution (which has
about five percent accuracy), is

Io(2) = Isn(z) - [ Em(z")I (2-2")dz" + ApIp (hy~2)
a4 BT (), 6

where Enm is the axial field incident on the nth. element due to
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the mth. and is determined by use of the piecewise sinusoidal

approximation. Ig (z) 1s the primary current whose form depends
on the nature of tBe excitation.

Since I,(z) appears only on the left of (6) an iterative scheme
for the solution of (6) becomes obvious. Figure 1 shows the results
for a pair of monopoles. Also shown are the experimental results
due to Mack (1963) and the number of iterations required for one
percent convergence, Clearly iteration is very efficient only in
the Fresnel or far zome. In the near zone other methods are better.

In the case of the antemma (array) mounted on a finite size
ground plane, it is convenient to utilize the geometrical theory
of diffraction to account for the ground plane edges. The results
for a coaxially driven, finitely conducting monopole, at the centre
of a small ground plane (D =1,25X%,D,=6.251) are displayed in
figure 2. Two iterations and a firs% order geometrical theory of
diffraction were used to obtain an extremely accurate solution.

Near Zone Inhomogeneities. One case where the inhomogeneity
is in the near zone, 1s that of the dipole symmetrically mounted
on a sphere (or other rotationally symmetrical body). The ap-
proach here is to use a combination of point matching and
"imaging" in order to satisfy the boundary conditions on the
surface of the body. Figure 3 shows the problem considered and
the equivalent (image) source system. For the sphere, static
image concepts lead to the system shown. The four interior "frill"”
sources are located where the maxima in the static image E, lie.
The amplitudes of these sources are obtained from two equatioms:
(1), an aperture condition I'(ag—e)=-I'(agte), and (ii) a point
matching condition that E;=0, at some point on the sphere. This
point was determined by variational considerations. The zero
order results are shown in figure 4 along with some experimental
values. Bearing in mind the relationship between the zero order
and experimental results of figure 2, these results are seen to
be excellent.

High Speed Techniques. A basic improvement in computer exe-—
cution time is possible if functions like Ig,Iy are evaluated
prior to execution, stored in tabulated form and interw.lative
techniques used during execution. (Typical access time with the
7094 computer is about 800 usecs using quadratic inte -polation).

A second technique, is to utilize similarly accessed cur-—
rent distributions for a few commonly encountered excitation fields.
Such currents are the currents on infinite antennas with frill
source, or plane wave excitation.

——
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«

Finally, in an array it is possible to evaluate Ii(z) prior X
to execution due to a single term of (1) for the various values M
of z that are encountered. Then the execution time evaluation ]
of the integral in (3 is eliminated. g

Acknowledgment. The author is indebted to L.L. Tsai for carrying
out the numericzl work for near zone inhomogeneities, and to
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CHARACTERISTICS OF THEEGROUND WAVE ATTENUATION
FUNCTION FOR HIGHLY INDUCTIIVE SURFACES
D.B. Ross
National Radio Propagation Laboratory
Cormunications Research Centre, Ottawa, Canada

Abstract The numerical distance p between two dipoles over a
plane surface depends on wave frequency, path geometry and surface
; impedance. The parallel polarized surface fields of the ground
'~ — wave are proportional to the attenuation_function F(p), which _ _
: exhibits oscillations and rapid phase changes with range over a

: highly inductive surface, due to ‘the existence of a trapped

. ~ surface wave. Twenty-four values of p (of an infinite number)
which make F equal to zero are given.

l. Introduction and Field Equations For the air-earth
interface, a surface impedance to electromagnetic waves is defined,
having generally two components, represented by the impedance A
and admittance I' (normalized to [,, the free space impedance),
which may be calculated for a given surface. This paper is
concerned with the propagation of ground wave fields over plane
earth surfaces, particularly ones with highly inductive impedances.

______ Let Z, p and ¢ be the cylindrical Co-ordinates of the =
receiver with respect to an origin on the surface below the dipole
source. Further ¢ is the angle of incidence at the surface; 6 the
zenith angle of the receiver with respect to the dipole; and r, r'
the direct and reflected dipole-receiver distances. Use the
abbreviations S = siny, C_= cosy, S' = sing, C' = cosp, S" = sing,
c" cos¢._ By geometry, E = -2S+pC, 8§ = —zS'+pC', and let
u'“ '(ZS+DA)- C!+ = -(zS-!-pI‘), e = exp J(mt—k.r) /1‘,
el exp j(wt-kr') /r'. The plane wave earth reflection coeffi-
cients are R, = (C-A)/(C+a), R; = (C-T)/(C4I). Define reference
fields at unit distance from the electrlc (e) and magnetic (m)
dipoles in the equatorzal plane Eg = Ty Hey Ep = T

“Nortom's (I1942) "equations (as numbered) fbr the ground

— — e —

.; wave fields of the elementary dipoles parallel (,) and tramsverse

(3) to the plame of incidence, for r > 2n/k, become:

Vertical Electric (150) E, = iEe 8S'et+PSR,e "+a,,S(1-R,)Fee'} .
' (151) B, = $jHe { S'et SRye't S(1-R,)Fee'l
‘ Vertical Magmetic (153) H, = - | By { 8S'e+ySR;e'+a;S(1-R,)Fpe'}
(152) E, = T;Em { S'e+ SRe'+ S(1-R))F_e'}
! Horizontal Magnetic (200) En = - ! E;S"{ § e+} Rue'+3, (1-R)Fee'}
o _ (202) &, =__-1.'Hm§"{_ _et Rue't  (I-R)Fee'}
i _ (203) B, = - By C"{-6C"e+yCR, e "+a,T(1-R, ) Fpe'}
i ) (201) E, = QEmc"{ C'e+ CRye'+ T(1-R)Fge'}

CLASS!F:CATION
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Horizontal Electric (198) E,, = - jHeS"{ 8 ety Rle'+51 (l—Rl)FﬁeTf
(196) E; = $3jE.S"{ et Rje'+ (1-R,)Fpe'}
(197) E4 = FEL.C"{-8C'e+yCR,e"+a,A(1-R,)Fee'}
(199) B, = $jHC"{- C'e+ CR,e'+ A(L-R,)Fge'}

Each field has three components: (i) one direct from the dipole
source, (ii) one reflected from the surface, and (iii) a surface
wave field, proportional to the attenuation function F. When both
source and receiver are on the surface, the space wave (sum of (i)
and (ii)) disappears, leaving the surface wave, and so thé ground
wave field near the surface is determined by the behaviour of F.

2, The Numerical Distance and Attenuation Function F is
expressed in terms of the numerical distance p = |p|exp(jb) =
-jkr'(C+y)2/28%, where R = R,, v = A for evaluating Fe, and R = R;»
v =T for Fp. Thus |p| is proportiomal to r', and b = 28-90°,
where B is the phase of (C+y). For the homogeneous earth, the
restriction (n2>>1) assumed in the derivation of F gives
A? = 1/T2<<i. Sommerfeld (1909) .defined F for propagation over a
homogeneous earth, which has a slightly inductive surface. However,
the use of the function may be extended to propagation over a

- — —stratified or rough surface-(e.g.- Wait, 1957}, which-may be highly — __;

inductive. Such a surface is characterized by 0°<bA<90°,
-180°>bp>-270°. Norton's (1941) !series expansion for F(p) is
poorly convergent for large |p],%and the corresponding asymptotic
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expansion is the 'Norton
surface wave' Fy

-1/(zp) - 1- 3/(zp)E D 1e3.5/

(Zp) ee« with the addition

'of the 'trapped surface
wave' term (-2jvmp exp(-
if 0°<b<90° (Wait, 1957)

P))

F(p) has an infinite number

of—zeroes in this -region- of

b, which can be considered

to be the result of destruc-—

tive interference between
Fyorton and the trapped wave.
Vogler (1964) and King and
Schlak (1967) discuss the
locations of the minima and

maxima in |F|. Tabie 1
‘gives the |p|, b values

corresponding to the first

24 zeroes.

‘3. Discussion  The
trapped wave appears in Fg

for a highly inductive
surface and in Fp for a

highly capacitive surface.
Since a plane earth surface
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]F| v. |p| for various b values.

The relief of F =

.will not be capacitive,

the

field equations show that
the trapped surface wave will be present in the E,, and H fields
of the parallel polarized waves over a highly inductive surface.
The fields of the transverse polarized waves, which involve Fp,

IF]exp(-j@) on the complex
= R(p) + jI(p) plane is shown in Fig. 1. Each curve of
F| v. |p| in Fig. 2 may be viewed as a section of the relief

Similarly, Fig. 3 shows curves of ¢ v,

for certain values of

along the radial of Fig. 1 correspondinT to the value of b used.
pl

b. Near a value of p giving a function zero, ¢ changes very

rapidly, and is indeterminate at a zero.

Curves may also be drawn

of ¢ v. b, and will in general give values differing from those in

Fig. 3 for the same Ip[, b values.

The differences are multiples

of one cycle or 360° and depend on the way in which the function
zeroes are bypassed when p is changed.
~accumulared “phase observed in changing p depends on the-path
chosen and contains an arbitrary humber of cycles.

Fig. 1 shows that the
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IMPEDANCE OF A HERTZIAN DIPOLE OVER A CONDUCTING H.ALF-SPACE

James R. Wait
ESSA Research Laboratories, Boulder, Colorado

Abstract

Various formulations are presented and their consistency
is checked by a direct numerical evaluation of the basic integral
representation. The usefulness of the compensation theorem
approach is demonstrated.

Probably the most basic environmental antenna problem is the vertical
electric dipole of fixed current moment I, ds located in free space at a
height z, over an homogeneous half space of conductivity ¢ and dielectric
constant € . The magnetic permeability of the whole space is Ug and is
assumed to be constant. With respect to a cylindrical coordinate system
(p, #, 2z), the interface is the plane z =0 and the dipole source is located at
z =zo on the z axis, The situation is illustrated in Fig.l where N designates
the complex refractive index of the bhalf-space.

When the current in the dipole varies as exp (iwt), the fields can be
found from the solution of a well-known boundary value problem [Sommer-
feld, 1949]. The(I-Se tre)ctor I has only-a z component and, for z> 0, is

given by l'.[ = l'I _zs » (1), where the primary influence is
I d | -ik[p?+ (z-z ) %]
H(P) _ ° s exPL ik[p (z zo)I ] @)
z 4mri eo w >

[p% + (Z-zo)z 12

and the secondary infiuence 1s
I ds “ueztz )

‘YR(A)J (xp) ——ldl (3)
1
Uy =(AZ - lekz)z >
where R{}) = (uN?-u)(uNP+ )™, (4, uw=02-1)2, N=[(c+tiew)
(i g @))% and k =(egHo)Ew = 2 n/(wavelength). To satisfy the radiation con-
ditions at infinity, the real parts of u and u, are defined to be positive for A
ranging from 0 to ® on the real axis.

To carry out a complete calculation of the self impedance of the source
dipole requires that the current distribution on the dipole be determined.
This aspect of the problem, however, may be deferred if we confine our
attention to the change of the imnpedance resulting from the presence of the
lower half-space. Thus, for electrically short antennas, it is permissible
to retain the dipole approximation.

By definition, the impedance change 8Z is givenby §Z = Z -~ Z4
where Z is the self impedance of the dipole in the presence of the half-space

while Z  is the impedance of the same dipole located in free space. Thus,
Z,= Lim (z,-=)Z.
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According to the "e, m.f. method, " if follows that 6Z =Lim(z = 2z, ,
p—=0[5 Ez ds/Io] , (5}, where the ]erfuts are taken after performing

ths operation 6 E, = (K + az/a z2) 1,”", (6). This leads to the result
6z = Tdmie @ R() w © d (7

where a = 2 z, . Itis convenient to normalize this by writing $Z =R, T
where R, = 20 k®>(ds)? is the real part of Z, and is the radiation resusta.nce
of the dipole in free space.

To gain insight into the problem we now develop an asymptotic expansion
by expanding R(\) in a series about A = 0. As it happens, in this particular
case, R'(C), R™(0) and all odd-numbered derivatives vanish. Therefore.
w: have R(M) = R(0) + A% R®(0)/2! +\* Riv(6)/4! + ... (8). This leads
to an expansion of the type

a2 s ka R" 0 -ika
A""R(O)Ckz+ atf:}ea - ( )Ckz aa)
_ R__@_)_rkz SN “ixe ©)

I da/ a

ard so on. [A constant factor has been omitted on the right-hand side. ]
Retaining just the first two terms (and including the correct multiplying
factor), we obtain

T = -3|R(0})]| A exp {i[arg R(0) - 23 ~ ka]l

- 6 |k* R"(0)| B exp {i[arg R"(0) -8, - ka]} (10)

where A e 1% - [1 - i/(kc:)](ka)-z (11)
-igy _ _A1N

and Be = L(k a) C(kaa) = a)J PR (12)

R(0; = (N-1)/N+1) , kR7(0) = -(2/N)}(N-1)/N+1) = -(2/N) R(0) .

The question of the convergence of expansions of this type is discussed
elsewhere [ Wait, 1962]. Suffice it to say here that the results are
asymptotic, being strictly valid only if k- =,

If we now regard |N| as a large parameter,(10) can be written in the
form . .-~1ka

3ie -ike

T == ————a— (1+tikag) + 6e

-1 -2 . -3
(k a)a N [(k CZ.) + _1 (ka) (13)

-4
+ terms in (ka) ~, etc.] ,

where we also neglect terms contained in I/N‘" ’ l/Na, etc.

In a closely related study, Vogler and Noble [1964], in close collabora-
tion with the present writer, investigated this same problem. Under the
condition |ka N I >> 1, they obtained the following result for the vertical
electric dlgole

3i

- N~1 4 2N-3
T (kcr.)‘a |.N+1_|{1+ +1|_k°'+ ko N(l' _NZ-—\JJ . (14)
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This asymptotic formula was obtained by a repeated integration by parts
of the basic integral (7). It is interesting to note that {14) also reduces to
(13) under the additional restriction that fN |>> 1.

We come now to another approach to the impedance problem. ILavrov
and Knyazev[1965] make approximations directly to the integrand of (3)
which is the Hertz potential of the secondary field, T‘ne; argue that if
IN] >> 1, we can make the substitutions u, = (JLz - N* ¥¥)2=>~i Nk and
uN+y = MV -K)EN (N - N KR~ N (M- K)E (15)
Assuming that these are good approximations over the whole significant
range of the integration variable A, we see that

I ds -ikR
1.!(z:'.)_ [+ re
z 4ni eow L R

L1
-211:?19:\ (16)

ANdXN

o n .
where P = (J'O[K(Rz - zz)z]exp[ -z (A% - kz)%] o

(17)
° -~
where R®= p?+ 2% and z = z_ + z. We irmmediately see that P satisfies

the differential equation 3p -i kR
_ .8
3z R

To evaluate P we first of all recognize that values of Z near R are
significant when dealing with self impedance estimates (i.e., p<< 2). In
this case, ©

e-i kx
P= ( — dx = =-Ei(-1 kR) (18)
UR
3P e-ikR P e-ikR
which satisfies ——x— = = e —_— . (19)
a2 R (pz_]_“zZ)% R

Using this result with (5) and (6), we readily deduce that

3ri g N o-ike Lo o]
T e | cn— - —— - - = * Z
I*vxcl-xa/¢ Ei(-ike) ;  where o =2z, =0
-1x
Noting that _ ., . e 1 2 2
-ix) ~ + + T + 2
Ei(-ix) = I:l e (Gix)2 (ix)2 ] (21)

it is evident that (20) reduces, for ka >> 1, to (13) at least to the order shown.
Anocther approach to the self-irnpedance problem ;which has been favored
in recent years is based on the compensation theorem [Monteath, 1951; Wait,
1969]. Using this method, we have &§Z = 82Z(®) + AZ , (21) where
8 z(®) =Lim (c ~=) 8§ Z. The impedance increment which accounts for the
finite conductivity of the half-space is given exactly by
-]

__d (=)
AZ = ?S‘OH(O (e, ©) Ep(p.o)Zﬂp dp (22)

)
where I-}a (p, o) is the magnetic field of the dipole on a perfectly conducting
ground plane at z =0 and EP (p, ©) is the actual tangential electric field at
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z = 0. The joker is that Ep (p,0) is not known; otherwise, the problem
would be trivial. However, the argument usually goes that the tangential
electric field is proportional to the tangential magnetic field which, in turn,
is replaced by its value for a perfectly conducting half-space. Thus, if
IN[>>1, we may say that Ep (p, 0) = - (120n/N) HE {p,0) , (23), where
120m/N is the effective surface impedance of the half-space. Inserting this
into (22) and using the appropriate value for & z(®) in (21), leads back without
further approximations to (20). Thus, we come to the remarkable conclusion
that the compensation theorem approach leads to identical results for the
simplified integral formulation described above.

In many cases of practical interest, the approximate formulas for the
impedance increment are not valid, Such is the case, for example, when
INT is not reasonably large compared with unity. Then we must resort to
numerical integration. For this purpose, a new variable A =kg is employed.

Then T can be expressed in the form

I )
_ —-El)?dg (24)

Yo (g
where F(g) = i % R(k g) g3(1+g)-% exp [-ka(g® - 1)%] (25)
and R{kg) = [N° (gz-1)']~’ - (g? - N? )%] (N3 (g% -1 )'b + (g° - Nz)%] -1 (26)

To comply with aé propriate radiation conditions, we require that
Lim(g~=Ng®-1)% = g, Lim(g—=Ng?-N?)% = g, Lim(g—0)(g?-D° =i,
and Lim (g = 0)(g® - N?)% = iN. To simplify the integration we rewrite
(24) 2s a sum of two parts. Thus,

o (1 -% c" -3
T=-i) Fig)l-g) “dg + } P(gi(g -1 "dg . (27)
Yo 1

Further simplification is achieved by setting x = A/g-1 in the first integral
and y = «1-g in the JSecond integral. Then, finally,

T 82 . z(‘ F(l+x*) dx - Ziqu(l-y“')dy . (28)

R, v © v O

where the function F with the arguments indicated is defined by (25).

Some numerical results based on the above formulas are now considered.
For INI = @, corresponding to a perfectly conducting plane at z =0, the im-
pedance increment is given exactly by (10). The results for this case are
shown in Figure Z in the form of an Argand plot with the values of ka indi-
cated on the curves. It is immediately apparent that the impedance increment
becomes indefinitely large as kG becomes small. However, the real part of

T approaches unity aska tends to zero. T This is physically acceptable and

TThis follows from the relation Lim(x-O){Re [-;32@ - -:1—) e-lx]} =1.
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represents the doubling of the free-space radiation resistance as the dipole
approaches the conducting plane.

Some results for finite values of N are shown in Figures 3a and 3b for
N =30 e-i™/4 and 10 e-17/4, respectively, These would correspond to a
highly conducting half-space where displacement currents are negligible.
The solid curves are based on using two terms in the asymptotic formula for
T given by (15). The dashed curves correspond to just using the first term in
the same formula (i.e., set B = 0). The distance between these curves (meas-
ured on a radius from the origin) gives some idea as to the accuracy of the
two-term asymptotic formula for T. In the case of ]N] =30, it appears
that the results should be quite accurate even for relatively small values of
ka. A further check for these two cases is afforded by a numerical integra-
taion for kQ =3 for each case. This is shown by a small circle in both
Figure 3a and Figure 3b.

The formula for § Z or T based on the compensation theorem is also
shown in Figures 3a and 3b and indicated by broken curves. In both cases,
it falls in between the curves for the one- and two-term asymptotic formulas,
Also, it appears to agree quite closely with the points obtained from a direct
numerical integration.
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Effect of the Ground Screen on the Field
Radiated from a Monopole

W. J. Surtees, ESSA/ITS

The ground wave field intensity is calculated from a simple applica-
tion of the compensation theorem for a thin, vertical antenna with sinu-
soidal current distribution when placed over a circular ground screen
laid upon homogeneous flat earth. Results are in agreement with those
obtained by Wait (1956). Some additional numerical results are pre-
sented showing the effect of antennas of different lengths and height.

1. Introduction

The improvement to low-angle radiation from vertical antennas by
the use of ground screens has been investigated theoretically over a
number of years since the compensation theorem approach of Monteath
(1951) was first published.

The purpose of this paper is to apply the compensation theorem to
develop expressions for the field radiated by thin linear vertical
antennas of finite length when placed on or raised over a circular
ground screen which is laid upon a ground of arbitrary electrical
constants.

2. Formulation
The problem of determining the effect of a2 finite surface impedance
n, varying from point to point, on the performance of an antenna has
been formulated by Monteath (1951, 1958) using the compensation
theorem of network analysis. He obtains the following expression for
the change in mutual impedance between two antennas A and B.

2 -2 =g | | (0f ) @Y - He) as. (1)

where ds is a surface element (Monteath, 1951).

If N represented the surface immpedance of 2 uniform ground, and
n’ represents the surface impedance of the ground plus 2 ground
system then the change In mutual impedance can be calculated from
(1) if H,, and Hy, were known. The fields in fact are not known and
therefore must be replaced by an approximation. The approximation
used is to replace H,, and H,, by H,} and H;, the magnetic fields
that would exist if the ground were everywhere a perfect conductor,
and Z,, would become Z,; . One would thus expect the results to be
best for a highly conducting ground.

Applying the above to £ind the field from a vertical center-fed
antenna of length 2{ whose terminals are at a height h+ 4 above the
center of a circular perfectly conducting ground screen of radius 2
and using the field from the thin, linear, center-fed antennz as given
{(Jordan, 1950) by
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—jkrl —jk].'z _ -jkro )
P p sin kL (e + e 2e coskt R (2)

H,, =
we obtain

B 2 4
G.-1 = ~Nkcosy J (e kra y g TkT2 _, =TkTo cosk&) .
M, E
o
J1 (kpcosy) do , (3)
where Gc' is the complex ratio of the radiated field at B in the pre-

sence of the earth system to the field at B over a perfect conductor,
and

E = cos [k(th + 2%) sin¥] + cos [kh sin ]

-2cosik(h+ %) siny ] coskt . (4)
The distances can be determined from the geometry shown in Fig. 1,
and -
k= 5 A is the operating wavelength.
T
9 ] ,':B di
!
AN .
L R :
+—1& Re ! ‘
h 1 4 . :
— } Elevation
e—Q ——ai{ :
1
Al B
Fig. 1.
Along the ground, ¥ = 0, and (3) may be written as
1
Goc-1 = -1 = [V(ka, h + 20) + V(ka,h) - 2coskt Vika,h + L)]
Tlo °
x N TN (5)
where we define V(x,4) = j e’J“/Ya T () Ji(y) dy ., (6)

o]

and E; is the value of E when ¥ = 0.
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In (3), if kp = y we may approximate

J1({ycos §) bycos { J; (y) ].‘E'% sin®§ << 1, and y < 3.3,

and E
’ G _1 - —=Q 2
c Gge -1 F cos ¥ (7

Si.fnilar considerations will yield expressions for the field radiated by a
thin, base-or loop-fed antenna of any length 4 when it is placed on the
center of the ground screen by letting h = ~L in the above.

3. Results
The integrals represented by the function V(x,4) defined by (6)
must be evaluated numerically. A few cases bave been computed by
Mrs. Lillie C. Walters by the method of Gaussian quadrature, and the
results are presented in Figs. 2 and 3 for vertical antennas.

a- A/4,end fed

l.41b- /4, center fed
c-A/2,h=)\/4
[d-2/2,h=0

IGI

1.2

0 1 2 3 4 5 6 7
ka

Fig. 2. Variation of ground wave with
radius of ground screen.

Fig. 2 shows \Gl as a function of screen radius a, for the four
antennas considered when a perfectly conducting circular ground
screen is laid upon 2 poorly conducting ground. Comparing curves 2
and B indicates that the performance of the short quarter wave mono-
pole over the ground screen is better when base fed than when center
fed and that the ground screen has the most effect if the antenna is
short. Curve 2 is in agreement with the results of Wait (1956).

The curves for cases ¢ and d show that raising the center fed
balf-wave antennaa distance of one quarter wavelength improves the
ground wave field by a factor of about 1. 05. '
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1.4
—nzl—,ko=3
- To 3 ¢
i d
I.20° o0 TEo 4 l.8°
v

Fig. 3. Variation of radiation with low
elevation angle.

Fig. 3 was produced from (5) and (7) and skows the variation of the
low angle radiation for the four cases considered when the radius of
the ground screen was close to a half wavelength (ka = 3). The ground
screen becomes even more effective as the elevation angle { is in-
creased. Cases c¢ and d show that the field of the elevated half-
wave antenna would equal the field of the ground based one at an eleva-
tion angle near 20°, and there would be an advantage in raising the
antenna to improve the low angle radiation.
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RADIATION OF A MONOPOLE ANTENNA
ON THE BASE OF A CONICAL STRUCTURE*

by
G.A. Thiele and M. Travieso-Diaz
The Ohio State University ElectroScience Laboratory
H.S. Jones
Harry Diamond Laboratories, Washington, D.C.

ABSTRACT

The point-matching technique is used to calculate the far-
field patterns of a monopole located axially at the base of a per-
fectly conducting cone. Agreement among experimental patterrs and
theoretical calculations was very good.

TECHNICAL DISCUSSION AND RESULTS

In this paper, the point-matching technique (Richmond, 1965;
Harrington, 1968) is used to enforce the tangential electric field
boundary condition at discrete points on the surface of a cone.

The cone is excited by a monopole at the center of its base, as shown
in Fig. 1. The current distribution on the monopole is assumed.

That is, the interaction between the cone and the monopole is ig-
nored. To facilitate the application of the point-matching technique,
the cone is represented by a grid of wire segments as shown in Fig.

1. Due to the symmetry of the problem, no wire segments are re-
quired around the cone.

In matching boundary conditions on the cone, we require that the
tangential component of the field from the monopole cancel the tan-
gential component of the field scattered by all the segments at the
center of each segment. To obtain an expression for the near fields
of a monopole placed on the positive z-axis with source at the origin,
one can start with expressions in Jordan (1950) using a current distri-
bution of the form

(1) I(2)

|I] sin (H-2) z >0
0 z2<0.

For the field scattered by a wire segment of Tength s and having
% conitant current on it, one can use expressions given by Richmond .
1966).

*The work reported in this paper was supported in part by Contract
DAAG-39-68-C-0061 between Harry Diamond Laboratories, and The Ohio
State University Research Foundation.
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. 1. (a) Wire-grid model of
the monopole and cone;
(b) cone generating line
showing position of segments.

Fig. 2. Experimental wire-grid cone.

Thus, when the tangential electric field boundary condition is
enforced at segment K,
N

(2 } S,.I.=- ENC K= 1,2,--N
= Kji*j K ?

where N is the total number of segments used to simulate the cone,
EgNC is the tangential component of the field from the monopoie,
Ij is the undetermined value of the current on segment j and Sgj
is proportional to the field from segment j evaluated at segment K.

Enforcement of the boundary condition at each of the N segments
results in a system of N simultaneous linear equations which may
readily be solved for the N unknowns, Ii. Once the currents are
known on the cone, the associated far-fields radiated by these cur-
rents may be superimposed with the far-field of the monopole to
obtain the patterns of the monopole-cone structure.

Due to the symmetry of the problem, it is not necessary to
solve for the currents on all the segments shown in Fig. 1. If the
same number and size segments are used in each of the ten "generating
Tines"™ of Fig. 1, then the currents on each line will be the same.
Hence, if there are M segments on each line and L Tines, then

(3) I = Ty = Lo =

= Lis (-1ym
Thus, Eq. (2) reduces to

) 5 inc
(4) jZI Ij nZ_'O SK(j+nM))= - EK ’ K= 1,2’... M
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This permits us to reduce the number of unknown currents to M,
while the actual number of unknowns is L-M. Furthermore, computer
storage limits M, not L-M. For the following power patterns, L

was chosen to be ten. The cone of interest is actually the frustrum
of a cone having a slant height of 30.5", a base radius of 7.2", a
half angle of 9.7°, a spherical cap radius of 2.5" and a monopole
whose length is between 0.203 and 0.312x. Patterns are taken at
frequencies between 300 and 500 MHz.

Figure 2 shows the wire-grid experimental model. Not shown is
the solid cone of the same size as the wire-grid model. Figure 3 .
shows a typical comparison of the experimental patterns taken for
the two models. Since agreement between them is good, one can de-
duce that the wire-grid modei closely approximates the solid cone.

Figures 4 and 5 show two patterns where the monopole is a
quarter wavelength. Both the experimental patterns for the wire
grid cone and the theoretical patterns are shown. Agreement is
seen to be good, particularly the Jocations of the pattern maxima
and minima.

Figure 6 shows patterns taken at 500 MHz for a monopole whose
length is A/4 at 400 MHz. Agreement is good except in the tip re-
gion where the effects of the cable leaving the spherical cap are
thought to influence the pattern in this region. Further experi-
mental work is needed to verify the extent of the influence of the
cable.

In conclusion, the point-matching technique has been applied
to the problem of a cone excited by a monopole located on its base.
A wire grid-model has been used for the theoretical calculations.
Experimental patterns were taken for a wire-grid experimental model
and alsc for the solid cone which it approximates. Agreement among
the two types of experimental patterns and the theoretical patterns
was good.
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REFLECTION OF WAVES OF ARBITRARY POLARIZATION
FROM A RECTANGULAR MESH GROUND SCREEN

G.A. Otteni
HMES — General Electric Company, Syracuse, New York

The reflection of planc electromagnetic waves of arbitrary polarization and incidence from an infinite rectan-
gular mesh of small circular wires is treated. The screen is parallel to a plane earth so that the effects of ground
reflection are included. Some representative results are shown,

1. Introduction

The theory of scattering of an electromagnetic wave from a grating of parallel wires has received considerable
attention because of the possible applications of the diffraction and reflecting properties of such grids. A survey
of the theory of wire grid effects has been published by Larsen (1962) and some additional papers have been
listed here as references.

There appears to be little work published for scattering of waves of arbitrary polarization and incidence by
parallel wire screens or scattering from crossed wire screens. This paper considers, in particular, the reflection
properties of a rectangular mesh of circular wires for arbitrary polarization and incidence. 1t should be noted
that the theory also describes parallel wire grids when the limit of laree spacing is taken for one dimension of
the rectangular mesh.

2. Mathematical Description

The mcthod of solution choscn for the problem is similar to the approach used by Wait (1962) in describing
a parallel wire grid except that the potential functions chosen here are directed normal to the screen so that the
field expansions are in terms of TE and TM modes with respect to the screen normal.

: y .-i'.; g l
p
REGION (0)
XX I 1# ——0 —¥ ,00e SCREEN
2 o 1
/ h q‘u‘[
;_-' ‘\:‘nas REGON() __ o
WV%ENT MESH 777777777777
REGIONII) GROUND

<y

FIGURE 1. Ground-screen geometry.
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The rectangular mesh has a cell dimension a by b and is located paraliel to and a distance h above a homo-
gencous ground region bounded by z=0. The wires are of circular cross section of radius r and are assumed to be
much smaller than any cell dimension of the screen. The timc and phase factors arc of the form:

ei(wt-k -u)

where u is the position vector from the origin of the rectangular coordinate system.
The description of each mode for expansion of the scattered field in Region (O), (see Fig. 1) in terms of TE
and TM modes, is given by the following relations where the summation indices n,m are not shown explicitly:

L2 - (z-h) -[ @+h)
H, =k vy {e *Rye e m

- 2 -I" (z-h <L (z+h

E =k v -{e (b)-Rec ¢ )}' @
Ho=iKr o, §eT @M ag e TEM Gy r@ xEpy, {cTEW R T @M. ®
Eeitro feT@h TEMN 7 rG Xk T (z+h) T @+h)],
E =4k Cv fe T R ¢ % -iz,r@, xkp vy e +Rye } @

where

k=k ax+kyay k a,,
2nn 2mm
kl (k +—)a "'(k +—r)ay

2= 1) k% = k% = ¥ e,
r=-x %,

Y, =135,z = 25 are the TM wave admittances and TE wave impedances, respectively, and
Vo ¥y, ArC the T™M and TE wave functions.

The subscript t refers to the transverse field components which are the fields parallel to the screen. Similar ex-
pressions are valid for Regions (1) and (II) except that for Region (1) the reflection coefficients, R, are replaced

by transmission coefficients, T, and the clectromagnetic parameters, €, u. k are replaced by the corresponding
primed ( *) quantities.

The boundary conditions at z=0 (l-l1 and E -contmuous) and at z=h (E -continuous) give expressions for the
reflection coefficients.

- _¢e
Re= Sogi— )
c ¢

R, = zh’lh (6)

where the primes (- ) refer to the corresponding quantities for the ground region (Region II).
It is assumed that the field around cach wire is uniform and the impedance boundary condition gives the total
axial electric ficld along a wire as

formaxulcunentlﬂowmgonnchwmorndmsrmthmrrwempodmz In addition, it is assumed that
the scattered field is not appreciably different from th:tofmﬁmtcsmalwnuun-ymgaammtl The possible
currents in the azimuthal direction around each wire are negiected.

™~
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Calculations of the scatterced ficld is made by a Green's function approach (see for example Collin) assuming
that the amplitudes of the current modes arc unknown. The expressions for the x~dirccted vector potential is
given by (7) in terms of the unknowr. current modce amplitudes in the x direction with the time factor gJw!
suppressed

¢J@nm xfa  J2mm y/b T lz-hl |-k x e TRy, %))

A similar expression holds for the y~dirccted vector potential and in fact, all expressions obtained for x can be
used for y if the substitutions

X ==Y
N 4= =>m
2 «-->b , (8)
are made.
The scattered electric field is found from
E = juwa+ A 9
Jwue .

where A is the total vector potential for the screen and the wave functions ¢ . ¥, arc obtaincd by equating the
expressions for scattercd ficld at the screcn. The incident planc wave is decomposed into a TM and TE representa-
tion. The incident and ground-reflected plane wave components arc added 10 the scattered and ground-reflected
scattered ficld Lo obtain an expression for the total axial clectric ficld at the surface of cach wire (z=h+r). The
impedance condition is then used to solve for the current mode amplitudes and the effective reflection for the
TM and TE wave components arc then calculated from the currents.

The cusrent mode amplitudcs are given by

2 2
. Kk .
ik, (h‘*f)- X 3k, (h+r) , v -jk_(h+r)
Ex {e 3 R ez + 3 Roh ¢’z

[ a= ke ke
xo ZVO’}CO (lo’
£ {55 R R e T 000
“yo 2 Roe+*Ropye 7z
t + BxO
4 Zox
wWXO
1 B3 k].\ 2rh
where wa -— X -
jwe m=-0 zrbk?l
(11)
R " zm}]
h 2[‘bk2
and Z,.0 = Zux |n=0: 12)
B. = - 1 ozo -_—le—mklxk ! . ]-rzR c.zrh
X jwe m=oo 2ra k_i e
1 (13)
2
k -2rh -I'r
+ N .
SR R
and
B, = B, | ne0 . (13)
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where
oe = Relm=n=0
Ron = Rh|m=n=o . (15)
2_, 2 2
kt -kx +ky .
- 2nm
Kkt ae
and Kk =k_+ 20T an
y "y 7o

Similarly, the higher order currents for the x directed wirces are given by

B
o= X0 (18)
xn - Zn
Again, the expressions for the y directed currents may be obtained by using the relations of (8).

If the cell dimensions are both somewhat less than a wavelength, there will only be one dominant plane wave
mode scattered from the screen and the reflected planc wave will have the same values of k_ and k_ with k,
replaced by -kz. The higher order modes are highly damped in the z direction if the cell dimensions are mudh
smaller than a‘wavelength and the field above the screen is essentially a plane wave at a distance corresponding
to the largest cell dimension. The actual restrictions placed on the spacing can be obtained from the conditions
that I’ be real when n and m arc not both equal to zero. It will be assumed in the following that the cell dimen-
sions are such that only thc dominant plane wave is scattered.

The reflection of the incident TM and TE plane wave modes may be obtained simply from a knowledge of
the zeroth order currents on the mesh. The reflected components E_ and H_ for the combined ground-screer
system are given by the following expressions multiplied by the facfor

e Tkyx o kY,
- -k 2z
T_M Eu E_R__ e/

0 OC

k1 k, 1 . - -
,,,{ X X0 . V¥ zo} . {cjkzh'Roe e"kzh}e"kzz,

2wed 2wea
= -k z a9
IE Hzr N Hzo Roh ez
| kelyo kylol s ik n Gk.h} k.2
Zkz {_ay_-_b_ {e z +R°hc z }e 2°, (20)

where E’z o2nd Hz o are the incident 2 componcents of the planc wave field.

Solutions of the equations describing I oandl involve the infinite scts of currents I and I - The zeroth
order terms can be solved by a perturbation techniﬁuc using only a few terms if the curreri® fall oft rapidly in
magnitude with increasing order.
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3. Example Calculations

The expressions obtained in (10)-(18) reduce to an equivalent form obtained by Wait (1962) for parallel wires
when the currents in the cross wires are sci cqual to zero or the spacing of these wires approaches a very large
value. In order to compare the effects of parallel wire and cross wire screens, the reflection cocflicients for the z
component of electric ficld (TM reflection coefficicnt) was calculated for the same paramecters and conditions
used by Wait except that the direction of incidence was varicd in azimuth from 0 to 90 degrees (parallel to per-
pendicular for the panllel wires). Two values of clevation angle were used, 85 and 89 degrees with respect to the
normal. The following ground and screen conditions were used corresponding to those of Wait:

Frequency = 100 kHz.

Ground conductivity = 5x10°> mho/m.

Relative dielectric constant of ground = 15

Grid wire spacing (a=0, b=2m.— parallel wire)
{2=2m., b=2m. - square mesh)

Wire radius =2mm

Wire conductivity = 107 1=ho/m.

Height of screen h=.2, .4, 6 m.

The results of the computations are shown in Fig. 2 where the reflection from the ground-screen system had
no appreciable variation with the height h for the values of h chosen.

Magnitude Phase

§ E_ﬂ_wsj STt ue _J
TN N i B N T e
E NN £ R pee | [
B\ | Ruua 5 NP

s ‘\( ™ :_ L

i\ Em i N
TN ~ ==

) 23 ) * o s -

43 o
AZIMUTHAL ARGLE ¢ (DEORTYN AZRIUTHAL ANGLE ¢ (DESRELY)

FIGURE 2. Ground-screen reflection coefficient.

4. Discussion and Conclusions

It is apparent from the results of Fig. 2 that a parallcl wire ground screen system can become quite transparent
at very low elevation angles if the angle of incidence differs greatly from the axis of the wires cven though, in this
case, the spacing of the wires is 1/1500 wavelength. It is scen that the ground-screen system could produce less
reflection than the ground without the screen with conditions of low elevation angle.

The square mesh screen placed above the earth a fraction of a wavelength here also becomes less desirable as
a reflecting combination for incidence at 45 degrees with respect to a wire axis.

The calculations of the higher order currents indicated that for rectangular mesh spacings much less than a
wavelength these currents were small and did not contribute greatly to the calculations of the zeroth order
cusrents 5o that only the additional term Iy was nceded to correct the original estimate for lyg.

The author is grateful to Piofessar R.E Collin for his suggestions and discussions of this work.
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CURRENT DISTRIBUTION AND INPUT ADMITTANCE OF A CYLINDRICAL
ANTENNA IN A GYROTROPIC MEDIUM

*
H. S. Lu and K. K. Mei
ABSTRACT

A finite cylindrical antenna of arbitrary orientation in a gyrotropic
medium is solved as a boundary value problem using a numerical techni-
que. The kernel of the integral equation is obtained from an approxi-
mate dyadic Green's function of Maxwell's equations for the medium.-The
results indicate that the quasi-static theory gives correct results for
kk<0.20 radian. In the hyperbolic region the input resistance also
shows the trend of approaching infinity for an infinitesimal dipole.

Introduction

When a cylindrical antenna is immersed in a gyrotropic medium, a major
difficulty in predicting the behavior of a source is the determination
of the correct current distribution on the source. Hurd (1965), by a
Wiener-Hopf technique, and Lu and Mei (1968), by a numerical techmnique,
studied the current distribution on a cylindrical antenna in a uni-
axial medium. Lee and Lo (1966) and Graff (1967) investigated that of
an infinitely long antenna in a plasma with applied d.c. magnetic
field along the axis of the antenna. Aoki (1966} also investigated
that of a finite cylindrical antenna.

An integraul-differential equation associated with the antemna of ar-
bitrary orientation in a gyrotropic medium is formulated and solved
numerically. The kernel of the equation relates to the second order
Green's dyadic of Mei's (1966). The input impedance of a short antenna
in a hyperbolic region has also been studied. The result indicates
that the input resistance increases and independs on the off diagonal
term of the permittivity tensor, which confirms the formula given by
Balmain (1964). ‘

Integro-differential Equation

Mei (1966), by a perturbational method, showed the solution of the
Green's function of the vector wave equation,

- VXV x G(zr/ry) + wzuog - Gx/ry) = 18(x/xy),
is

Gx/ry) =Y (1 +Tp -[g n @ —)] €8]
n=0 k

where

*Electrical Er Engineering and Computer Sciences and the Electronics
Research Laboratory, University of California, Berkeley, California.

Research sponsored by the National Science Foundation under Grant
GK-2553.
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and k2 = wzuoel. To simplify numerical computation, Mei also gave a

second order solution, which contains at least the first three terms
of Equation (1).

The antenna, in this paper, is assumed to have length 2h, radius a
and to be center-fed by a voltage V across a gap. Its axis is taken
to lie in X,X3 plane and is inclined at an angle Y with respect to
the X3 axis as shown in Fig. 1. The antenna is also assumed to be
thin, so that the current density can be considered uniform around
the circumference and that the end effect can be neglected. For con-
venience, we shall use the cylindrical coordinate (p,6,Z) of which
Z-axis coincides the axis of the antenna, and the positive Xj axis
lies on the plane @ = 0. Through matching boundary condition and
transforming the coordinate one obtains an antenna integro-differen-
tial equation as

2 -
jm]'lo {g -IF}Z-.S%¢(1) + 52—¢(2) + ¢(3ﬂ J(zl)dcle' = _ E:an (2)
where
- . 2
@ e RS e"kh'Y £4R(0) (X krXpeXy)
e 4w¢1+33R(53]+ an@®RO)) |°sk —3—— *+ cosh ————
! -ikR(0)
+ cosh k53(x3-x3T} 3e
2 4TR (0)
6 1 -
6@ I3 (o cin  YE2XIER I 5 mI/05R ()
0

16w63/1+n R(m)

Y (X=X ) Exp (-3 k/I-Y (85 78R (n))
16v63/1+n R(n)

+ (-2) sin ¢
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(X3-X3) Exp (-3 k/I+8.-n R(n))

+ 2 cos Y dn
sm(1+m >/ R(m)
-jkV/I+y R(0) -jk/I=y R(Q) -jk/T+5;R (0)
¢(3) l-sin2 Y £ + £ + c052 ] g
2 ~3TR (0) ~47R (0) 4R (0)

. 1,2 - 142
. Jk(Xo-X2) jkX,-X.) —5KR
+(— L312<1r) 63'2052 P (1 - ——RZEOJS ) + stinzw (1 - ——R((]i) 1 ) e ) )

1,2
S
R(@) = ,\/r_xl_x'l)z + (xz-:(z)z . — 3

1+

It should be noticed that the Eq. (2) is not directly derived from
Mei's second order Green's dyadic but rather from a modified second
order Green's dyadic. We shall assume E1"C to be zero except at the
gap, and the integration ¢ dc' in Eq. (2) represents the integration
around the periphery of the cylinder. Equation (2) can be solved using
the well-known numerical technique.

Some Results

The range of §; in which Eq. (2) is applicable may be estimated by
comparing the solution of Eq. (2) with that obtained from the exact
equation in the case of a uniaxial medium. It is found that, when
kh<3.14 rad., the error in |Y input| is less than 10% as -0.6<83
<1.2. We will estimate the ramge of y to be |y| < 0.6. Some repre-
sentative results are shown in Figs. (2) and (3).

When §z< -1.0, most investigators (e.g. Balmain, Staras) found that
the radiation resistance of a point dipole is infinite, while Lee

and Papas (1966) claimed otherwise. This paper tries to resolve this
problem by calculating the input resistance of the dipole. Although
Eq. (2) is unable to deal with this problem, one can obtain an equa-
tion by considering the solution to Eq. (1) to be perturbation of

the solution to a uniaxial medium. Some results are shown in Fig. (4).
The values of the input impedance obtained from Balmain's formula

are also given on the same graph. It is found that input resistance
as well as the reactance increase and almost independs on Yy for short
antennas. This confirms the Balmain's formmlation, which is obtained
by using quasi-static electromagnetic theory. Fig. (4) also indicates
that Balmain's formulation gives rather accurate results, when kh

< 0.20 radians.
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NUMERICAL SOLUTION OF DIPOLE RADJIATION IN A COMPRESSIBLE PLASMA WITH
A VACUUM SHEATH SURROUNDING THE ANTENNA

+ *
S. H. Lin and K. K. Mei
ABSTRACT

The results of an investigation of a dipole antemna with a vacuum sheath
in a compressible plasma are presented. The problem is formulated in

a set of four coupled integral equations and solved numerically by the
method of collocation. The results include the effects of the vacuum

sheath and the collision loss on the input impedance and the maximum
driving voltage of the antenna.

Introduction

In a previous paper (Lin and Mei, 1968), we have presented the results
of the numerical solution of a sheathless dipole antenna immersed in a
homogeneous, compressible, iossless plasma. It is the objective of this
paper to present the results of an investigation of the effects of the
ion sheath surrounding the antenna and the collision loss on the antenna
performance ian a compressible plasma. The model is a finite length cy-
lindrical antenna in an isotropic homogeneous compressible lossy plasma
with a finite length cylindrical vacuum sheath surrounding the antenna.

Antenna Configuration

The geometry of the cylindrical antenna with the vacuum sheath in the
plasma is shown in Fig. 1. We S .
shall consider the antenna as a
scatterer which is illuminated _L
by a finite source Mg. If ,
ﬁg:-%$e3“’t is a band of lT w
L
magnetic current of width & u
and is wrapped around the cy- —+
lindrical scatterer, it is
equivalent to an antenna ex- TJ_
cited by a uniform axial 4
electric field V/8 in a gap RN
of width &, where V is the
applied voltage. The region
V1 is the antenna body made
of perfect conductor, Vj is

3 o
—t

the vacuum sheath and Vz is Fig. 1. Configuration of the dipole an-
the homogeneous isotroPEc temma with a vacuum sheath in the plasma
compressible lossy plasma. with the associated parameters.

Research sponsored by the Joint Service Electronics Program under Grant
AFOSR-68-1488.

+IBM Fellow
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Integral Equation Formulation of the Multi-region Boundary value Problem

The set of basic equations to describe the fields and the sources in
the plasma consists of the linearized hydrodynamic equations and
Maxwell's equations. These equations are the same as the set of equa-
tions (2) in (Lin and Mei, 1968), except that we have introduced a
damping term, ngmW in the last equations of the set (2) to account for
the collision effect, where v is the effective collision frequency.

The equivalent source principle (Harrington, 1961; Schelkunoff, 1939)

is useful when dealing with boundary value problems in electromagnetic
theory. The application of the equivalent source principle to the in-
tegral equation formulation of multi-region boundary value problems is
resulted from Mei's lectures on "Boundary Value Problems in Electro-
magnetic Theory'" at Berkeley. The advantage of this approach lies in
the simplicity of the kernels in the integral equations. Even though
the multi-region boundary value problem involves several types of media,
the kernels are the well-known Green's functions, or their derivatives,
of the Helmholtz equation in an infinite homogeneous medium.

Cohen (1962), Carlin and Mittra (1967) have generalized the equivalent
source principle to include the problems involving compressible plasmas.
Based on the inhomogeneous Helmholtz equations for H(EM wave) and n
(electro-acoustic wave)} (Lin and Mei, 1968; Carlin and Mittra, 1967),
and the equivalent source principle, the total fields in the plasma
region Vz and the sheath region V, can be represented as the integrals
of four unknown_functions (i.e. tﬁe equivalent sources) and the primary
driving source M, with the appropriate kermels. The four unknown func-
tions are: (1) J,(z) the current distribution on the antenna surface S;3,
(2) E,(z) the tangential electric field on the surface Sjz, (3) H¢(z)
the tangential magnetic field on the surface S;3, (4) n;(z) the syste-
matic variation of the plasma electron density distribution on the
surface S23.

The boundary value problem posed is then formulated in a set of four
coupled integral equations by enforcing the following boundary con-
ditions on the integral representation of the fields on the surfaces
S32 and S3: (I) the continuity of the tangential electric field at
the surface Sz3, (II) the continuity of the tangential magnetic field
at the surface Spz, (III) the vanishing of n-V on the surface S,
(assuming rigid boundary), (IV) n x H = J on the antenna surface™S -
The set of the four coupled integral equatjons written in a symbolic
form is:

E% + T11JH¢(zJ + T12Ez(z] + T13n1(z) =0
('12' * Ty Hy(2) + TyoE (2) + T,,J,(2) = Higcm
T31H¢(zJ + G% + T33)n1(z) =0

T41H¢(z) * T42Ez(z) * (']2; * T44)Jz(z) Hil;_c(z)
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where the Tpp's are the integral operators. The integrations are
taken over the surface Syz or S;2 depending on the functions on which
they operate. C€(z) and Qc(z) are the prlmary fields_on the sur-
faces S12 and S23 produced by the antenna driving source M, The

explicit expressions of these integral equations are rather 1engthy
and will be reported in a later paper.

This set of integral equations is solved numerically by the method of
collocation using finite zoning functions and quadratic interpolations.
This numericla procedure is described in (Lin and Mei, 1968). Readers
interested in the details of this method are referred to the refer-

ences (Harrington, 1968; Hildebrand, 1965; Lin and Mei, 1968; Mei, 1968).

The Input Impedance and the Upper Bound of Driving Voltage

For the range of the antemnna parameters considered in this paper, the
general shapes of the electric current distribution and the electron
density distribution on S23 are very similar to those of sheathless
model (Lin and Mei, 1968), except that some perturbation is introduced
by the presence of the sheath.

The definition of the maximum driving voltage is explained in (Lin and
Mei, 1968). Fig. 2 shows the maximum driving voltage and the input
impedance as a function of sheath thickness tg = b-a/a for a dipole an-
tenna of total length 2L = Ap/ The comparison of the results for the
sheath and the sheathless mogels Fig. 2 shows that the vacuum sheath
has a screening effect which reduces the input resistance, makes the
short antenna more capacitive, and raises the upper bound of the an-
tenna driving voltage. A similar screening effect has also been found
in the analysis of spherical antemnas by (Wait and Spies, 1966) and of
prolate spheroid antennas by Lytle (1968). Fig. 2 also indicates that
the rate of increase of Vpyx is greater than the rate of decrease of
input resistance R. This fact suggests that a dielectric coated di-
pole antenna in a warm plasma can be operated at a higher power level
than an uncoated antenna in the plasma and still satisfy the lineari-
zation assumption.

Collision Effect

Fig. 3 shows the collision effect on the input impedance as a function
of w2/w?. The Debye length Ap rather than Ap is used as the reference
of antenna dimensions in Fig. 3 because ), looses its meaning when

w2/wZ > 1. It is seen that the resonance effect of a lossless plasma
OH the antemna impedance at is damped out when the normalized colli-
sion frequency is significant (u/wp = 0.2).

We also observe that for short antenmas (L = 3.84Ap) the input reactance
which is capacitive, does not change sign at w = w,. This behavior

of input reactance near w_ is in agreement with that for short dipoles
and small spherical electgodes found by Balmain (1965,1966), but is in
contrast with that for infinitely long cylindrical antenna found by
Miller (1968). This seeéming conflict can be resolved by the varia-
tional analysis of antenna impedance by Carlin and Mittra (1967).
Balmain (1965}, Carlin and Mittra (1967) have shown that the total
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Vmax(VO"S) Z,n(kﬂ) Zm (-Q- )
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Fig. 2. Input impedance and V., Fig. 3. Input impedance of an

of an antenna of L = A\,/4, antenna of L = 3.84.XD, a= 0.204AD,

a2= éP/TS, 6 =4a, C o = 1000, 8 = 4a, C/V, = 1000,
mp/w = 0.8, v/mp = 0. solid lines: v/w_= 0.2, t

=3
s >
dashed lines: 'U/BP = 0: t =

s 0.
impedance Zjp contains a component ZJEM due to EM wave and a component
ZJP due to the electro-acoustic wave. Their results indicate that the
reactive part of ZJEM changes sign at w = wp, but the reactive part

of ZJP does not. It is also well-known that EM wave dominates when
the antenna is long whereas the electro-acoustic wave dominates when
the antenna is short. Therefore, the inmput reactance of short antenna
may not change sign at Wy

Conc:ludigg Remarks

For the probing of the temuous plasmas in the upper ionosphere, the
solar wind and the interplanetary media by the spacecraft borne an-
temnnas, the electron kinetic temperature is high and the plasma frequ-
ency is so low that the electro-acoustic wavelength is comparable to
or greater than the antemna length (2 -~ 3 meters). The interpretation
of the experimental data in these situations must take into account
the screening effect of the sheath and the fact that the input reac-
tance may not change sing at @ = Wp, the collision effect may signifi-
cantly damp out the anti-resonance behavior of Zjh at w = wp even
though the collision frequency is low.
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PLANE WAVE SYNTHESIS OF
PLASMA COATED APERTURE ADMITTANCE
AND RADIATION PATTERN

by
H. Hodara
Tetra Tech, Inc., Pasadena, California

and

D. Damlamayan
Calitornia Institute of Technology, Pasadena, California

ABSTRACT

In this paper we present a method for calculating the aperture
admittance and radiation pattern of radiating apertures in flat
planes coated with plasma slabs, by-passing the boundary value
approach. We show that the aperture admittance and radiation
pattern can be described by expressions involving the spatial two
dimensional Fourier spectrum of the aperture electric field and
the two plane wave reflection and transmission coefficients of
the slab for each of the two independent incidence directions of
polarization. The method has obvious advantages- It is valid
for inhomogeneous as well as turbulent plasmas in the direction
perpendicular to the aperture; it is a perfect match for modern
computing routines since plane wave reflection and transmission
coefficient programs in stratified plasmas are already available:
it yields the radiatiorn directly through a trivial integration. )
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DIGEST

Geometry of the System

y

w
)
TE = TE
w /
=
i
©
I — g
o
I .
E = '
S
=
2=0 z=d
where u=cPsh, v=s0s0, w=ch, p=sb = w® + P

]

Superposition of Plane Waves

With e dependencies, a bunch of plane waves arriving at 0 at
z=0 are of the form -
elkor - e:.ko(ux + vy)-
z=0

Assume a prescribed field in the z =0 plane. It can be synthetized
as a superposition of two sets of plane waves with polarization
perpendicular to the plane of incidence (Eg) and parallel to it (Eg)-
The total field in the plane is:

E(x,y,0) =k§' Jrj{_f_ig(l +1"¢)eik°(ux+ )

+£0 +l"e)eik°(ux+vy)}dudv (la)
Similarly,
_.2 £ ik, (ux+vy)
H(x,y,0) =k II{Eﬂ(l -Tg)e °
+£I_9(1 _%)eiko(ux+vv) }dudv (1b)
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The reflection coefficient T is a function of 6 and § or w and v. It
is the reflection coefficient for aplane wave withdirectioncosines,
u and v incident on a2 plasma slab., The slab does not have to be
homogeneous in the z direction.

Defining a Fourier transform:
r .
B, v =1/em? || B e+ ¥V ayay (2)

We now adjust each plane wave field amplitude so that the total
field is identical with the prescribed field in the z =0 plane.

- A o .

E(u,v)=§¢(1 +rﬂ)+§B(1 +Te) (3a)

~ ~ r~

H(u,v) =Hy(1 -T) + Hg(1-Ty) (3b)
In terms of cartesian coordinates we have:

A A A

EY =E9(1 +T9)s$c9 +E¢(1 +¢m)c¢ (42)

A A A

Ex =Ee(l +l"e)c0c6 - EQ(I +I"¢)s¢ (4b)
Since for plane waves, Yo = \/Foluo

A A A Fal .

He =Y0E¢ . HE)'—‘-YOZE:8 (5)
We have

A

Hy = Xo.u.m(l -Tg)sﬂce - YoEe(l -I‘e)cm (62a)

e

H =Y E,(l -Tg)cﬂce +Y Eq(1-Tg)s0 . (6b)

Aperture Admittance

Without loss of generality, assume an aperfure field distribution
in the plane such that Ex = 0. Such a case is illustrated below:

y

1

e e ey

AU R AL I G| B il i

et s b =
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Then from Eq. 4

£ -F 8 _1 E,=E cp — (7)
8~ y€9'1+1"e' gy 1+I‘0

The aperture admittance expressed in stationary form is
Flev A
2 ) ﬁnypdpd{D

Y o = 2Tk ) - (8)
o
where
Y 1-T, 1-T
aa a2t 8\ 2 A2 g\ .2
Eny _IEYI (CS Tle)s ¢+|Ey| (Yo°61+I‘¢)C 0 (9)

The terms in parenthesis are recognized as plane wave admit-
tances respectively for TM mode (E parallelto plane of incidence)
and TE mcde (E perpendicular to plane of incidence),

o 1-T
_YTM_ g _1 8 (10a)
YM™ Y  TE. c6 <8 T+l
o e )]
Y H,cb 1-T
_YTE _ 787 _ ]
Y=Y, = TE, - 19T, (105)

Finally,
2n 2
B 2. rene® 2 2 2
Y_ ., =(2rk.) YOJO Jo Iﬁ:Y/VO | (ypgS 8+ygpc Blpdpdp (11)

or

2 wI o 2 2r V2
Y = (2 )Y _L |Ey/ v | ‘_yM(u,v):z-:—‘:z-
2’.
+yp,v) > | dudv (12)
u +v ‘

Radiation Field

The transmitted wave in the region z2 d is according to Fourier's
superposition 5>
.2 PJ‘ A A ikgzafl - (u+v7)
E() =k ] EgTyrEgTe) e

eiKoluxtvyl g oy (13)
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where T¢ and Te are the slab transmission coefficients as a
function of angle for polarizations perpendicular and parallel to
the plane of incidence. The far field is given by:
Fal
-E v+ f: u T

x y )

mix v <12 [}

2
u +v

Al A
Eu+E v T
X v 6

+ e
1+re =84
Jl —u2-v2 »\/112'+v'2

. 2 2 .
e1koz ../1 -u -V elko(ux+vy)dudv (14)

The stationary values for large r in the evaluation of these
integrals are

u = seocﬂio, vy = sBos(?)o (15)

Thus, only one plane wave out of the continuum, with directions
given by Eq. 15, contributes to the far field, yielding

T

. 2 .
_i{2m) ikgr , & A [
Eg =or e 0" (-Eysf, + Eycﬂo) 1 +I¢ <8
. 2 . T,
_iZ7)° ikgr 4 A 8
EG = e o (+Exc¢o+Eys¢o) T3 .
Conclusions

We have synthetized the near field in terms of a sum of plane
waves over an angular spectrum. The extent of the spectrum
depends on the aperture distribution. In the full paper we show
how the spectrum can be approximated by a few discrete plane
waves. Of course, only one of these waves whose ray is in the
direction of the observation point in the far field contributes to
that field.
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RADIATION CBARACTERISTICS OF A
SLOTTED GROUND PLANE INTO A
TWO-FLUID COMPRESSIBLE PLASMA

K. R. Cook : R. B. Buchanan
Colorado State University Sylvania Electronics Sys.
Fort Collins, Colorado Mountain View, Calif.
Abstract

A theoretical investigation of the radiation from

a slotted ground plane covered with an infinite two-

fluid compressible plasma has been conducted. Emphasis

has been placed on the frequency spectrum near and below

the ion plasma frequency. Preliminary results indicate a

significant amount of power may be radiated in the ion-

acoustic mode.
Introduction

In a two-fluid compressible plasma two longitudinal waves and
one transverse wave may exist. The longitudinal waves represent
collective motions of the electrons and ions, denoted hereafter as
the electron-acoustic and ion-acoustic modes. The transverse wave
is denoted as the optical mode. The optical and electron—acoustic
modes exgerlence cutoff at the hybrid plasma frequency, defined as

+ wy 2y1/2 yhere we and w4 are the electron and ion plasma
frequenc1es. However, the ion-acoustic wave propagates with a zero
cutoff frequency. The zero cutoff frequency and the relatively
short wavelength of the ion-acoustic mode indicates possible diag-
nostic or communication applications for these waves below the
plasma frequency. However, kinetic theory must be utilized to
account for losses due to Landau damping of such waves.

Related Previous Work

Seshadri (1965) considered the radiation of an irnfinitesimal
electric dipole in an unbounded two-fluid compressible plasma.

His results indicate that a large amount of power is launched into
the ion-acoustic mode. However, his results were based on a
collisionless hydrodynamic model. He also assumes that Landau
damping will be nominal below the ion plasma frequency for the
ion-acoustic mode.

Sessler (1966) conducted experiments in an rf gas discharge
plasma having an ion plasma frequency of about 1 MHz. The trans-—
‘ducers used for launching ion-acoustic waves consisted of wire
grids excited by an 0.1-10 MHz generator. Detection was achieved
by a similar tramnsducer. His results indicate that well below
the ion plasma frequency the loss mechanism is dominated by
collisions. Landau damping becomes the dominant loss factor near
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the ion plasma frequency as predicted. However, his experimental
results showed that the attenuation decreased with increasing
frequercy, contrary to theoretical predictions. Measured phase
velocities compared well with theoretical predictions.

Alexeff et. al. (1968) have investigated the effects of
electron temperature on ion-acoustic wave propagation in a dis-
charge plasma and were able to accurately measure tha phase
velocity and attenuations for frequencies well below the ion
plasma frequency. In plasmas having electron densities of 10
10l s, pulses of rf energy were transmitted over a distance
of 20 cm. The measured phase velocity and attenuation compared
favorably with kinetic theory predictions. The transducers in
their experiments were negatively biased probes extending into
the plasma and excited by a pulse generator.

In many diagnostic or communication applications it is not
practical to extend probes into the plasma. The following dis-
cussion considers the use of a slotted ground plane contiguous to
an infinite plasma as a tramsducer for launching ion-acoustic
waves for purposes of diagnostics or communicatious.

FORMULATION OF THE PROBLEM

Consider a ground plane coincident with the x-z plane with an
infinitesimal slot lying along the z-axis. The region y > 0 con—
tains a two-fluid compressible plasma described by the linearized
hydrodynamic equations. The slot has an uniform electric field
oriented in the x-direction, normal to the slot axis.

It is assumed the ground plane is negatively biased and that
no sheath exists at the surface y = 0. Furthermore, rigid bound-
ary conditions are imposed on the ground plane.

The fields in the plasma are represented in terms of three
potential integrals describing the two longitudinal acoustic
modes and the transverse optical mode. The radiation structure
for the three modes has been evaluated by the method of steepest
descent. However, since only the jon mode is of interest, the
following discussion will concentrate on the results describing
the ion—acoustic mode. A real pole of the integrand was found
near the ion mode wave number signifying a2 surface wave with a
phase velocity near the ion-acoustic velocity. At the present
time a rigorous investigation of the surface wave structure has
not been completed. However, since the main concern of this pre-
liminary investigation is the radiation mode, the surface wave
structure will not be discussed.

NUMERICAL RESULTIS FOR THE RADIATION MODES

Numerical evaluation of the radiation integrals was conducted
for a dense plasma having an electron density of 1.5 x 1014 cm‘3;
ion thermal speed of 4.2 x 103 m/s; electron thermal speed of
6.74 x 10° m/s and an iom mass of 2.34 x 1026 kg. These data
produce an electron plasma frequency of 110 GHz and an ion plasma
frequency of 690 MH=z.
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Two radiation patterns for the ion-acoustic mode are presented
in Figures 1 and 2; representative of a frequency spectrum from
approximately 8 MHz to 1.6 GHz. It is anticipatad that collisional
losses would become severe for frequencies below this spectrum and
Landau damping becomes severe above this spectrum. The patterns
become increasingly sharper for higher frequencies and there is a
very narrow null broadside to the slot. However, these patterns
should only be interpreted as <“ndicating the general patterm
structure in view of the fact that no loss mechanisms have been
accounted for in the calculations. The power densities are
relative to one watt/mZ.

In Figure 3, peak power densities are plotted for the ion-
acoustic, electron-acoustic and optical modes. Again, it is
anticipated that the acoustic modes will suffer heavy attenuation
due to Landau damping over certain frequency spectra. In partic-
ular, the electron-acoustic mode may suffer heavy attenuation
except for a very narrow frequency band just above the electron
plasma frequency. Note that the optical mode power is propor-
tional to w for m/mpe >> 1 while the electrom—acoustic and ion-
acoustic modes are proportional to 1l/w for high frequencies.

Also, the acoustic-type modes have a maximum slightly above the

plasma frequency. Although not shown in the plot, the ion-

acoustic mode approaches zero as w tends to zero. However, below

the frequency spectrum shown, collision losses will be severe and

this region was of no interest in the present calculations.
CONCLUSIONS

Within the limitations of the hydrodynamic model, it has been
shown thzt a significant amount of power may be radiated into the
ion—acoustic mode by a slotted ground plane contiguous with a twc—
fluid compressible plasma. Based on experimental results of other
researchers, it 1s anticipated that below the ion plasma frequency
the radiated epergy will not suffer from heavy attenuation due to
collisions and Landau damping. If so, the ion-acoustic system may
provide possible diagnostic or communication methods two or three-
orders of magnitude below the electron plasma frequency. However,
kinetic theory must be used to investigate the propagation
characteristics inithis frequency spectrum.
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STUDIES OF VLF RADIATION PATTERNS OF A DIPOLE
IMMERSED IN A LOSSY MAGNETOPLASMA

D. P. GiaRusso
J. E. Bergeson
Boeing Scientific Research Laboratories, Seattle, Wash.

Abstract

Power patterns are presented for VLF radiation (500 Hz to
30 kHz) from magnetic and electric dipole sources in a two-
component lossy magnetoplasma. The patterns show that energy.
tends to be transported primarily along the magnetic axis of a
confinement cone fcr higher VLF frequencies, but that the in-
clusion of ion motion destroys the confinement cone for extreme-
ly low frequencies.

The subject of electromagnetic radiation from sources em-
bedded in anisotropic media has been extensively discussed in
the literature., Of particular interest today are the radiation
patterns! of localized sources immersed in plasmas which become
anisotropic by virtue of an impressed magnetostatic field.

This interest is practical, as well as academic, since satel-.
lite-to-sztellite and satellite-to-ground or undersea communica—
tion problems require a thorough understanding of radiatiom pat-—
terns in ionospheric or magnetospheric plasmas.

The purpose of this study is to comsiruct some represent-
ative far-zome radiation patterns (radial Poynting vector com-
ponent) for monochromatic VLF radiation from dipole sources in
a lossy magnetoplasma. The effects of ion motion amd a finite
collision frequency are included in the calculations. Driving
frequencies between 500 Hz and 30 kHz have been chosen for in-
vestigation. Two sets of plasma parameters (plasma frequency,
gyro frequency, and collision frequency) were used in the study;
one set is descriptive of a magnetospheric plasma at a height of
6500 ke and the other of an ionospheric plasma at a height of
1500 km. In constructing the radiation patterns, it was assumed
that the plasma respcnds linearly to the (weak) electromagnetic
disturbances excited by the dipole source, i.e., that the plasma'’s
properties are adequately characterized by a relative permittiv-
ity temsor & . It was also assumed that the plasma is homoge-
neous and of infinite extent, and that its temperature is low
enough that electron thermal velocities may be neglected.

From Maxwell's equations it follows that the wave equation
for the electric field in an 5Eisotropic homogeneous medium with
relative permittivity temsor &, free space permeability H, and
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free space permittivity € is

- _ 2 'Q-)'--l- -5
vx(Vx E) w u°e°8 E = Twmg 3

The general solution for E (since Maxwell's eguations are lin-
ear and the medium is unbounded) can be written as,

B = | a2 T@EIn 3@

J?t

where +? is a dyadic Green's function, 3 is the source current
density, r specifies the observer's position, and r' refers
to the coordinates of an element of source current, Ihgre are
several ways of determining the Greem's function T (r,r') in
the expression above. The basic method used for this study, an
asymptotic evaluation of the exact plame wave integral represen-
tation of T(r,r'), was first suggested by Bunkin (1957), was
later modified by Kuehl (1960), and has been used successfully
by Mittra and Duff (1965).

The results of this study are summarized in figures 1
through 5.

z e p

/

Fig. 1 — Typical three-dimensional pdwer'pééiéfn for driving
frequencies in the 5-30 kHz range.

Figure 1, which is representative of the power patterns for
higher frequencies within the VLF range, shows that power tends
to flow primarily along the magnetic axis of a confinement cone
with apex at the dipole. The half-angle of this cone varies
with the plasma parameters but is usually taken to be about 19°.
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The existence of such a confinement come is, of course, well
known and has been discussed extensively in the literature, The
axial power beam is intense for dipole orientation perpendicular
to the magnetic field; it vanishes when a magnetic dipole is par-
allel to the field, but is still present when an electric dipole
is parallel to the field. The figure also shows that there is
an apparent enhancement of radiation intensity in the region near
the confinement cone, and that a conical "spike" or "ring" cf
enhanced radiation intensity may exist within the confinement
cone. The propagation angle of the radiation "spike' with rTe—
spect to the d-c magnetic field is a function of the plasma pa-—
rameters. Such spikes are associated with the fact that the
refractive index surface may become very large (open branch re-
gions) at certain propagation angles.

Figure 2 displays a typical refractive index surface for

the plasma parameters and driving frequencies applicable to fig.
1.

10 20 30 a0 50

Fig. 2 — Representative refractive index surface (real part) as-
sociated with the power pattern of fig. 1.

Figures 3 and 4 reveal that the inclusion of ion motion destroys
the confinement cone at extremely low frequencies (500 Hz is
used for these figures).

10210~ 01 o 001

Fig. 3 — Power pattern for a magnetic dipole (dipole axis per-
pendicular to the d-c¢ magnetic field) in a two-compo-
nent magnetospheric plasma, The outer curve corresponds
to the lossless case, the inner curve to a slightly
lossy case. Dipole driving frequency is 500 Hz.

I
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Fig. 4 — Electric dipole power pattern analogous to fig. 3.

Figure 3 gives power plots for a magnetic dipole immersed in
both lossless and lossy two—component plasmas while fig. 4 gives
power plots for an electric dipole in the same two plasmas.

100 %100

Fig. 5 ~ Power patterns for a magnetic dipole (dipole axis per—
pendicular to the d-c magnetic field) corresponding to
heights of 6500 km and 1500 km. Dipole driving fre-
quency is 30 kHz. Losses are included.

Figure 5, which superimposes power patterns for a magnetic dipole
in both magnetospheric and ionospheric plasmas, shows that power
absorption is much greater in the latter medium due to the higher
collision frequency. It also appears as though the axial beam
intensity is greatly reduced in plasmas typical of the upper
ionosphere (at 30 kHz).

Some notes of caution should be mentioned regarding the
validity of the power patterms in certain regions. Strictly
speaking, the plots become inaccurate for three different lim=-
iting situatiomns:

(a) as the polar angle, 6, approaches zero
(b) as © approaches the confinement cone
and (¢) for © associated with an open branch region of the
refractive index surface.
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These situations correspond, of course, to just those regions in
fig. 1 where the power intensity is greatest. However, the work
of others (particularly Arbel and Felsen) has shown that power
enhancement in these regions actually exists-- at least within
the restrictions of small signal analysis.

Finally, it should be emphasized that spatial interference
effects, which arise from the superposition of several contri-
buting far-zone waves, have not been considered in constructing
the power patterns. The patterns represent, when applicable, the
sum of the individual time average radial Poynting vectors of the
far-zone waves.

An extensive discussion of this study has been given by the
authors in a report which is listed in the references.
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SOME FEATURBES OF BLECTROACOUSTIC WAVES
EXCITED BY LINEAR ANTBNNAS IN HOT PILASMA

by

V.L.Talekar
- Plasma Physics Division
Malaviya Regional Engineering College
Jeipur, India

ABSTRACT: When a radisting source is immersed in an isotropic
compressive plasma, a longitudinal electroacoustic wave may be
excited in addition to the usual electromagnetic wave. The
present commnication deals with some features of the electric
field associated with electroacoustic waves excited by linear
antennas. It is shown that the distribution of the field is
oscillatory with discrete ray like structure, andi that the
maximom occurs almost in the broad side direction.

INTRODUCTIOR

The excitation of electroacoustic wave in a hot plasma
by an electric source has been the topic for early studied by
several workers (Wait, 1965; Cook and EBdger, 1966; Talekar and
Gupta, 1966). Numerous papers on the subject have been
published to this date reporting theoretical as well as exper-
imental results. However, the experimenmtal studies are com-
paratively few in mamber evidently since the direct detection
of an electroacoustic wave in a hot plasma is rather difficult
if not impossible. In the recent experimental study of
electroacoustic waves excited by a monopole in =2 mercury vapour
plasme Chen and his coworkers (1967) have measured composite
radietion field patterns outside the plasms and have concluded .
the existence of a strong electroacoustic wave in the direc-—-
tion 2long the antenna: axise.

For the comprehensive assessment and understanding of
the experimental results further theoretical investigation of
the plasma mode radiation field patterns due to various
electric sources, is called for. In the present work, it is

intended to restrict attention to resonant and non-resonant
linear antennase.

GENERAL EXPRESSIONS

The plesma is assumed to be hot, homogeneons and neutral
in the unperturbed state. Perturbation of the plasma due to
the radiating source is taken to be smpll with an exp{ jWt)
time dependence. Electron gas forms the only effective
component of the plasme and presence of ions is disregarded.
Also the collisions of the electrons with neutrsl particles
are neglected. The source frequencies are confined to the
first Fraunhofer zone (Talekar and Gupta, 1966).
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For the above plasma model with the specified frequen-
ciea and the linear antenna having simisoidal current distribu-
tion placed along z-axis with feed point at the origin of the
spherical co-ordinate system, the electric field of the electro-
acoustic wave (Plasma Mode) is found to have only the radial
component in the far region. The spatial distribution of this
field is given by the pattern factor which can be written as
product of two functions, first independent of the antenng
length and second dependent on it. Thus

Pf (6,A,8) =PF x F(k) (1)
fhe functions can be shown to be

(i) for the resonant centre-fed linear antenna (RCFLA), in the
range 0 < 6 < =/2,

F = [1-80) (c/vo) 2 (PO/P)  cos8 (2)
1- (o/g)2 (c/‘v'o)2 1%c0s%0
(k) = -cos(xk.c/vp.A cosB) - cos(nk B/Bo) (3)

(ii) for the non-resonant end-fed linear antenna (NREFILA), in
the range O § g < =&,

p o L 1-A7)/8) (e/vo)

(4)
1 - (Bo/B) (c/v,) & cose
F(k) = eimmk(p/By ~ ¢/v,.A cosd) (5)
wnere the frequehcy parameter A = (1 - W% /W2)1/2 (6)
and the length parameter k = B, 1/2x (7)

The symbols have the following meanings: ¢ velocity of
light in free space, vy r.m.s. thermal velocity of electrons,
P Phase propagation constant of current on antenna, B, phase
Propagation constant of EM wave in free gpace, W

source freguency, Wp angular plasma frequency, 1 antenna length.
COMPUTED FIELD PATTERNS

In a compressible plasma there are, in general, three
types of waves on antenna: electromagnetic, electroacoustic
and surface waves. In the range of source frequencies under

consideration, with sufficient accuracy, their wave mmbers
respectively are

-Be = Bod, Fp = (C/TO) BoA and By = (c/vo) go/(g_Aa)l/z (8)




S LI A

TR PO Anacan o

-134-

It is rather difficult to decide summarily which one of the
different wave rmmbers is effective. However, for the mmeri-
cal computation of the F and F(k) functions fe has been chosen
to be the appropriste wave mmber arnd c/vo is taken as 10¥ a
ninimum value usually obtained in most applications. Some

salient features of these computed functions may now be
mentioned.

The F function, almost identical for the types gf
linear antemna starts with the finite value (1-A<)/A at O
and increases slowly upto 85°. Thereafter it rises rggidly
attaining maximum value within few mimtes short of 90°.
Actually at 90° the function,suddenly drops to zero for the
RCPLA snd equals (c/vg) .(1-A°)/A for the NREFLA. 4s for the
cscillatory fuanction, its periodicity is governed by the
product of k and A parameters, increasing the oscillations
with higher values of the same. Thms the overall field pattern
becomes oscillatory and attains the maximum almost in the
broad side direction. As the kA product is increased, the
pattern develops more and more oscilletions, finally so
mmerous amounting to discrete ray like structure.

CONCLUSION

At the outset, inviting attention to the controversy as
regards the form and propagation constant of the current
distribution on cylindrical dipoles immersed in hot plasma,
it may be remarked that the situation is far from being con-
clusive. On one hand, Lin and Mei (1968) find from numerical
computations that the simisoidal current distribution is not
a good description of the solution of equations which describe
the plasma. On the %i:her hand Ting and his coworkers (1968)
conclude  that when A lies bétween zero and ore, the current
distribution is still somewhat simsoidal but with larger -
wavelength. For the work presented in this paper we have
assumed sinusoidal current distribution with pe as the
propagation constant following the experimental work of Judson
and his coworkers (1968). The resulting field pattern for
RCFLA is found to be in conformity with the eleetroacoustic
power Tadiation pattern computed by Wunscl (1968) for the
cylindrical dipole using delta funetion driving voltage and
representing total current by a Fourier series. However, no
results are available for comparison in case of NREFLA.

In the end it may be concluded that for frequencies
confined to first Frannhofer zone, the assumed current
distribution forms a workable and reasonably simple model

to describe main salient features of antenna performance in
hot plasma.

]
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LINEAR ANTENNA IN ANISOTROPIC MEDIUM,

Pascal Mevyer
C. N. EET. -R. S. R.
92, Issy-les-Moulineaux, France

Abstract

The general solution of the current distribution along a
cylindrical antenna in cold magnetoactive plasma is given. A
converging sequence of approximation is found by reduction to
a Hilbert problem. The method involves the solution of
Fredholm integral equations and numerical integrations.

The study of antenna in ionospheric plasma encounters two
difficulties: 1) the plasma is hot and irhomogeneous, 2) it is
anisotropic, Our purpose here is to extend the theory of linear
antennas to take account of the anisotropy. Taking a reference
system with Oz along the antenna axis, we have the time har-
monic Maxwell equations:

VX H
{VxE

1]

0

k’;e-E+J (1)

Here, ¢ is the dielectric tensor in this system and J is the un-
known current distribution. For a cylinder of length 2h and
radius a, we have

T (z, @) ————62(2-:), |z] <k

T z.0.m = | (2)
' 0 ,Iz] >h

This can be expressed as a Fourier series in ¢ and a transform
in z

oo 4+

—_— (" '?\ 3 —

Tz o) = tar Y M2 elm0 Ty 3)
-co n=_;m

Thus, we can solve (1) by 2 spatial Fourier transform; after
some calculations, this gives the electric field as

@ + o
E (r,2z,¢) = (\1d?~ S‘eihzeiﬁ(pf(r,s,l) (4)
- ® E;_m
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with - : - -
E(r,8,M) = » F(rgnN- T (N
n=-w
and F is a matrix function of A defined by a sum of terms like
an «©

» . b P--(k)el k)
_ i(B+n)0( i
—F(h) = S dB e 3 dk Jn(ka) JB(k r)k AR B, N) (5)

(o] (o]

Here, P./A is obtained by inversion of the Maxwell relations so
that A =J0 is the wave equation in the medium. In some par-
ticular case, a = 0 (i.e.,dsotropic case),. F reduces to Hankel
functions but, generally, it is a complicated new transcendental.
Also, one finds that it is 4-valued and to build E, its causal
branch must be used. This branch has singular points A; which
can be found using the pinch method (Hwa and Teplitz, 1966).

They are the real roots of

(A(k,8=0,}) = 0
lar a6=0.2 = o0

We note that the ks are logarithmic branch points.

To obtain the current distribution, we take account of the
boundary conditions on the cylinder at r = a. We have three
parts: :

1) |z| <5 [where & is very small; the field in this feed region
is E = Vs{(z); E = E =01,
z © T

2) &< |z| <h [where E_ =E, = 0],

3) h< |z| [where I-fz and E‘p are unknown].

For an infinite antenna, this last condition does not exist and
J(n, M) is found by inversion of (4); this is done by truncation at
8, n £ N because F{(g,n) is the representation of a completely
continuous operator and one obtains a converging sequence of
current JN(z,p). This case is of more than academic interest
because it contains the so-called gap problem and also because,
nezr the plasma resonances, the end of the antenna is unimportant.

Far. -
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When the antenna is finite, we must first find E(z,¢), for
[zl > h, and thus we again truncate {4) at 8, n <« N. Furthermore,
we now write (4), at r =2, asa 2N x ZN matrix relation between
ZN wvectors:

E(M) = F(NM - 3N .
Then, introducing the unknown field for Iz] > h,

+= .
e = ( B2 eh?
+h

the boundary condition is written
E(N) + E(-M) + V = F(A) - J(})

[ When Izl < h, we obtain E(-N)], Here, J(\), beinga
finite (-h, + h) Fourier transform is entire and E 1is holo-
morphic in Im A > 0, We then see that the L. H. S, has the same
singular points A  as F (A). This relation can be analytically
continued from the real axis to the whole A plan. Here, we must
draw cuts from the 7\5 , and the L.H.S. has discontinuities along
these cuts., On the other hand, (E(®) + E(-\) + V\ F-l isen-
tire and has no {iscontinuities in" Im M < 0, We usé + and - to
designate the two limiting values along the cuts. Thus, we obtain
the relation + -

E- - E + E{(-M+V =JT_J-=0

rt F- _F

This is nothing else than an inhomogeneous Hilbert problem
(Muskevishvili, 1958). It has a standard solution which expresses
E in terms of the inhomogeneous term. This term includes E so
that it is a Fredholm integral equation for E. Using the solution
of the homogeneous problem, this can be solved here with
complications, This solution is complicated but several practical
approximations can be used and numerical analysis is under
progress.
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STUDIES OF ANTENNA-INDUCED IONIZATION PROBLEMS

W. C. Taylor, J. B. Chown, and T. Morita
Stanford Research Institute

ABSTRACT

This paper discusses voltage breakdown prc¢blems encountered with
antennas in hypersonic flight in space and reentry. The discussion
concerns: (1) predictions of ionization rates based on the Boltzmann
equation; (2) injection of attaching gases to raise breakdown thres-
holds; (3) convective effects of flow of gas and of dc electric fields;
and (4) multipactor-triggered gas discharges at low pressures.

1. INTRODUCTION )
It is the purpose of this paper to interpret from an engineering
perspective recent findings in the laboratory of the authors and
elsewhere.

2. BOLTZMANN-DERIVED IONIZATION RATES

Recently, Epstein and Lenander (1968) formulated a basic model for
ionization rates in air using the kinetic theory approach of the Boltzmann
equation. Their results Tfor a frequency of 10 GHz are shown in Fig. 1
and compared with datE 05 §gveral experimenters, as a function of E /p,

where E is E (l+w™/v7) £, Epmg is the electric field strength, ® the
. Trms c oy’ R .
radian Irequency, and Uc = 5.3x10p, where p is the pressure in torr.

The data were taken at various values of pressures and Irequencies.
The thecry of Epstein and Lenander takes into account the variation of
collision Irequency with energy. The results show that there is no
more than 1.5 dB difference between the new theoretical calculations
and those of the phenomenological theory, based on the effective-field
concept with vV = 5,3x10"p. Considerable experimental data of the
authors shows at scaling laws based on this simple theory are appli-
c able within the 1.5 dB error. Thus it is seen that as a practical
matter, the continued use of the phenomenological theory in engineering
calculations appears warranted.

3. ALLEVIANT INJECTION

Recently, attention has been given to the possibility of alle-
viating the breakdown problem in reentry through local injection of
a chemical into the layer of hot gas, thereby decreasing the electron
density and net electron production rate by attaching electrons and
by cooling. This technique is being evaluated in a shock-tube mea-
surements program, using sulfur hexafluoride initially as the in-
jectant. Room-temperature data, shown in Fig. 2, shows that a 10 dB

P
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Figure 1. Ionization Rates vs. Field, Theory, and Experiment
improvement is possible in the critical pressure regime around the
minimum in the limit of no thermal deterioration of the SFg molecules.
The effect of high temperature will be to decrease the effectiveness
of the SFg because of its dissociation. Hence the problem is find~
ing a chemical that will attach sufficiently and will continue to do
so in the thermal environment for the transit time over the antenna.
Although considerable data is no® available for the effects of in-
jectants, including water, on the thermal electron generation prob-
lem, little data is available on the field-induced ionization problem.

4. CONVECTIVE EFFECTS

The convective effects of flow of a gas and of DC electric
fields are quite similar in principle in that they transport the
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Figure 2. Breakdown Thresholds of X-band Slot

RF-induced iomnization out of the high-tield regions. However they
are different in their configurations and in their limitations.

Figure 3 shows the effect of the flow convection upon power
breakdown thresholds of an X-~-band antenna as predicted by three
different theoretical methods. The gas flow is directed across the
narrow (lcm) dimension of the slot antenna at 20,000 fps. The high-
pressure approximation of Kelly and Margenau (1960) at the calcula-
tion for the limitirg case of the final "breakdown" demsity, n.,
going to infinity, as treated by Romig (1960) and Fante (1965), are
seen to predict too large an effect of the convection in pressure
regions. The '"exact” calculation of the authors (1968) allows both
arbitrary pressure and ng. It is seen that the effect is not large
in any case, and it is difficult to conceive of 2 configuration
showing more effects than the one treated here.

On the othexr hand, DC electric fields may be intentionally con-
figured in many different ways, and the applied voltage is limited
by the voltage that will cause DC breakdown. However, in an exis-
ting plasma, the ability of a field to penetrate is limited by the
space-charge sheath around one electrode. Measurements of the effect




Pl

wolls

POWER

Ioooo i l‘ﬁllllll 1 1 ] T ror L L 1 llllrj

=142 -

L = Icm; CW. AMBIPOLAR DIFFUSION: ng = 109 em™3
Vs 20Kps
3300° AIR IONIZATION RATES

L LI

ng = 0 (FANTE /ROMIG)

1000 HIGH PRESSURE

APPROXIMATION {MARGENAU)

~*~NQ CONVECTION
np 2 100 em3

i

100 ] ) I ) I I | l 1 1 1 L1 1 L1 l [l L| ] Ll 1 1.1
107 ! , 10 100
Pe = 760/

Figure 3. Effects of Gas Flow Predicted by Various Methods

tarr

of DC bias on monopole breakdown were made under varying plasma
conditions, and are shown in Fig. 4. The monopole was biased
negative compared with the ground plane. The theoretical calcula-
tions were made on the assumption that the electric field is suffi-
ciently effective where it penetrates the plasma (in the ion sheath
around the monopole) to prevent breakdown in this region, such that
breakdown must occur at the edge of the sheath, where the fields do
not sweep away the RF-generated electrons. The sheath thickness
increases with voltage, but decreased with initial electron density,
ng. It is seen that this relatively simple theory is a qualified
success in predicting the measured data throughout the high ny re-
gime.

S. MULTIPACTOR-INDUCED BREAKDOWN

Multipactor dischargze (secondary-electron resonance discharge)
does not directly limit the power-handling capability of RF structures,
but by its consequences. Although the multipacting must start under
conditions when the electron mean free path is large compared with
electrode spacing, surface—-absorbed gases released by the bombardment
of multipacting electrons can increase the local gas density. The
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Figure 4. Effect of DC bias on Monopole Tip Breakdown in Plasma

combined effect of the high R¥ 1ield, high enough electron density
for ambipolar diffusion, and enhanced local demnsity can result in
transition to a gas discharge, which, in turn, does limit the radi-
ated power. Figure 5 shows data taken for such a transition. It
shows the power thresholds for initiating (free diffusion) and ex-
thinguishing ordinary gas discharge in the fields of a log-periodic
antenna, as a ‘unction of pressure/altitude, and the (constant)
threshold for ordipary multipactor discharge on the same configura-
tion. The data points at pressure < 10-3 are for the multipactor-
induced gas discharge. Thus power levels of only a few hundred
watts are sufficient to produce a gas discharge which would require
several tbousand watts without the multipacting trigger. Data
points numbered 1, 2, and 3, indicating thresholds measured with
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lapses of several minutes in between, show the effect of surface
clean-up as the multipactor proceeds.
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BEHAVIOR OF STRONG FIELD ELECTROMAGNETIC
WAVES IN ANISOTROPIC PLASMAS

M. P. Bachynski, B. W, Gibbs
Research Laboratories, RCA Limited
Montreal, Canada

- Abstract -

The effect of the electric field strength of the wave on the
propagation of e=m waves in an anisotropic plasma has been investigated
both experimentally and theoretically. It is found that near the electron
cyclotron frequency, decreased attenvation occurs for strong field strengths.
This phenomenon cannot be fully accounted for theoretically. At frequen-
cies removed from electron cyclotron resonance, the strong field waves
suffer increasud attenuation. This is consistent with the heating of the
electrons in the plasma by the wave.

1. INTRODUCTION

Most investigations of electromagnetic wave interaction with
plasmas are based on a "small signal™ approach where it is assumed that
the electric field sirength is too weak to appreciably affect the properties
of the plasma. Little effort appears to have been devoted to the situation
where the field strengths of the electromagnetic wave are not negligible and
the properties of the plasma are dependent on the field strength of the wave.

In the practical situations in which radio transmitters are
located in satellites or rockets in the ionosphere or on space vehicles re-
entering the earth's atmosphere, since the antennas are in direct contact
with the plasma, the field strengths of the wave can no longer be considered
as negligible. Nevertheless, most analysis of such measurements are based
on the simple small signal linear theory. Thus, an investigation of strong
field electromagnetic wave interaction with plasmas is of practical as well
as academic concern.
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2. EXPERIMENTAL ARRANGEMENT

A laboratory experiment has been conducted to investigate the
effect of the electric field strength of the wave on the transmission of an
e~-m wave through a plasma. In the experiment, a right~hand circularly
polarized plane wave at a frequency of 9.2 GHz is normally incident on a
5 cm layer of plasma generated in helium at a pressure of 0.6 Torr. (Right-
hand polarization denotes rotation in the same direction as electrons gyrate
in a magnetic field.) The plasma is located between the coils of an electro-
magnet and the arrangement is such that the wave propagates along the
direction of the magnetic field. At a preset magnetic field strength, the
plasma is pulsed and allowed to decay. Measurements of the wave trans-
mitted through the plasma are then made in the afterglow using continuous
wave electromagnetic waves of a given power density. The measurements
are then repeated for various power densities and various magnetic field
strengths. The plasma properties are monitored by simultaneous transmission
of a left~hand circularly polarized wave through the plasma.

Such an arrangement has p:"z:viousl)f.I shown very good agree-
ment between theory and experiment using low field sirength incident waves.
Details of the experimental_arrangement and measurement techniques can
also be found in that paper’ .

3. MEASUREMENTS AND COMPARISON WITH THEORY

Typical experimental results of the propagation through plasmas
of strong field elec'rromqgnehc waves are shown m Fig. 1 fi Sr the maximum
(2.5 x 10-3 wclﬂ's/cm ) and minimum (0.1 x 10-3 watts/cm”) power levels
avcilable in the experiment. These power levels correspond to 27.4 and
137 volts/meter respectively. The measurements are for a normally incident
(6=0% plane wave transmitted through the plasma and are normalized to
the field strength of the incident wave. The results for various normalized
magnetic field values can be summarized as follows:

(i) At Y = a A=0 (isotropic plasma) no dependence of the inten-
sity of the transmitted wave on the field strength (power
density) of the incident wave was observed for the range of
power densities available in the experiment.

(ii) At 0<¥< ~ 0.9, the higher incident power signals showed
greater attenuation than the lower power incident wave.
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(iii) At ~ 0.95 ¢ Y < ~ 1,05, the higher the incident power,
the less was the attenuation of the transmitted signal -
i.e. the attenuation coefficient of the plasma is seen to
decrease with increasing electric field strength. This is
exactly opposite to the "plasma shield™ effect?. For the
higher power incident wave, the transmitted signal is very
nearly the same for all values of magnetic field in the
region of electron cyclotron resonance [¥=0.98, 1.0, 1.02]

(V) At T > 1,10, the stronger incident signal is attenuated more
than the low power incident signal as was the case for low
magnetic field strengths.

For ihe regime removed from electron cyclotron resonance, the
increased attenuation with increased strength of the incident wave is
consistent with heating of the electrons by the wave resulting in a higher
value for the collision frequency and hence greater attenuation of the wave.

In the region about electron cyclotron resonance, the cold
plasma approximation based on a Maxwellian velocity distribution for the
electrons does not predict quantitative results anywhere near the measure=-
ments. In fact, the wrong trends are predicted for increasing power densi-
ties of the incident wave. The assumption of a Maxwellian electron
velocity distribution is not well justified for this regime, particularly at
strong fields and lower electron densities. Calculations based on a
Druyvesteyn velocity distribution for the electrons (more appropriate for
the strong fields) shows a decrease of the attenuation coefficient of the
plasma with increasing electric field strength of the wave as observed
experimentally. The calculations also show only small differences in the
attenuation as the magnetic field is changed by %1% off cyclotron
resonance (in agreement with experiment). The experimental resuits at
low powers agree well quantitatively with theory. The observed attenua-
tion for high field incident waves is, however, considerably less than
predicted by theory based on a Druyvesteyn velocity distribution for the
electrons although the predicted trends are correct.

4. CONCLUSIONS
Marked non-=linear interaction of electromagnetic waves

propagating in an anisotropic plasma occurs even at very modest field
strengths (27-137 volts/meter) of the incident wave. In the regime off
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electron cyclotron resonance, collisional heating can account for the
okservations. In the region of electron cyclotron resonance, considerably
less attenuation is observed at the higher field strengths. Theory based on
a non-Maxwellian velocity distribution explains the observed trends but not
the quantitative results at high incident field strengths. Better agreement
between experiment and theory may be possible by a proper inclusion of
electron-electron effectsS in the theory or by considering the progressive
interaction of the wave as it penetrates into the plasma as has been done
by Papa and Haskel 4.
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THE TRAILBLAZER II REENTRY
ANTENNA TEST PROGRAM

J. Leon Poirier, Walter Rotman,
Dallas Hayes, and John Lennon

Air Force Cambridge Research Laboratories (OAR)
L,. G. Hanscom Field, Bedford, Massachusetts 01730

Abstract

A number of results are presented which were obtained in
the first flight test of a reentry vehicle designed to determine
the properties of the plasma sheath and its effect upon micro-
wave antenna performance.

This paper presents a synopsis of the results obtained
from analysis of data from the first flight test of a Trailblazer I
reentry vehicle designed to study the properties of the plasma
sheath and its effect upon radiating systems at velocities in the
ballistic range. The reentry payload (Figure 1) consisted of
three major subsystems: 2a plasma diagnostic probe system; an

LANGMUIR S—-BAND RECEIVING
PROBES ANTENNA

X-BAND
TELEMETRY
ANTENNAS

S-BAND
TRANSMITTING
ANTENNA
ELEGTROACOUSTIC
PROBES

Figure l. Reentry Vehicle

S-band transponder system, and an X-band telemetry system.
The flight data allowed: (1) measurement of the influence of
the plasma sheath upon the radiation pattern distortion,
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signal attenuation, and impedance mismatch for an S-band slot
antenna located at the stagnation point of the nose cone; (2) meas-
urement of the plasma sheath effects upon the interantenna cou-
pling between two S-band antennas on the nose cone, and (3)
determination of the electron density profile and gradients about
the nose cone.

The S-band transmitting antenna consisted of a dielectric-
filled, waveguide-fed slot with coaxial input located at the stag-
nation point of the reentry nose cone. A similar receiving anten-
na with identical internal dimensions, but with a T-bar feed was
located at the shoulder of the nose cone for measurement of the
interantenna coupling. Both antennas were adjusted to provide an
impedance match to the input coaxial cable under free-space
conditions.

Two computer programs were used to predict the opera-
tional characteristics of the antenna systerm. Both programs
assume a multilayered plasma, The first is based upon the
theoretical analysis of Galejs( ) and was developed by the
Cornell Aeronautical Laboratory. The output consists of the
terminal admittance of a slot antenna located on a flat ground
plane and the mutual admittance and coupling of this antenna with
a like antenna located upon the same ground plane. The second
computer program, developed by Avco gives the far-field
radiation pattern, as well as the terminal admittance, for the
open-ended waveguide. The flow-fi:ld prcrcrties were obtained
by using nonequilibrium binary scaling for the stagnation-stream-

lire applied to results given by Cornell Aeronautical L‘-\boratory(.',')

The boundary layer properties were taken from stagnation bound-
ary layer calculations given in a report by Nerem.

The measured reflection coefficient of the S-band antenna
is shown irn Figure 2. Also shown is the theoretical prediction of

the reflection coefficient based upon Galejs' analysis. The effect
of losses in the antenna structure were not included in the calcu-
lation. A good engineering estimate of this loss would be ~ 1 dB.
If a correction of 1.5 dB is made, it is seen that the predicted
maximum reflection coefficient is in good agreement with the
measured one. The theoretical calculation does not predict very
well the altitude at which the maximum reflection coefficient is
reached. This discrepancy is, in all probability, due to the in-

adequacy of the flow-field calculations to make predictions for
altitudes above 240, 000 ft.

Pl



In so far as the
plasma sheath can be
considered lossless
and is overdense, it
can be shown that the
power reflection coef-
ficient is a unique
function of the distance
from the antenna sur-
face out to the begin-
ning of the overdense
region. This distance
(termed the electro-
ma gnetic boundary lay-
er thickness §) is
shown in Figure 3.

The results of both the
flight and the theoreti-~
cal determination of §
are shown. The dis-
crepancy between
theory and flight

data at altitudes
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in Figure 4 normalized
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Several in-flight radiation patterns are shown in Figure 5
for altitudes at which signal attenuation is changing substantially.
The curves, normalized so that the peak values correspond to
zero dB, slow that the shape of the radiation pattern does not
change substantially even under conditions for which the plasma
sheath is attenuating the signal by over 20 dB. This has been
predicted for overdense plasma sheaths which are physically thin
compared to the wavelength of the transmitted signal. Under
these conditions the plasma sheath is equivalent to an impedance
sheet which attenuates the signal level without changing the pat-
tern shape. This conclusion has also been confirmed by the com-
puter calculations using the Avco program which shows that the
radiation patterns are attenuated, but otherwise unchanged, as a
function of altitude.

The plasma diagnostic system contained four electro -
acoustic probes designed to measure the electron density gradi-
ent in the boundary layer, and three flush mounted Langmuir
probes. This was the first flight test of the electroacoustic
probe. Valid data was obtained from each type of probe through-
out the reentry trajectory. Substantial agreement was obtained
between the data of both types of probe.
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Single and Multislot Antennas in an Inhomogeneous
Reentry Plasma Environment*

K. E. Golden and G. E. Stewart
Laboratory Operations
Aerospace Corporation, Los Angeles, Calif.

ABSTRACT

A short linear slot array radiating through an inhomogeneous
reentry boundary-layer plasma is analyzed for free, standing-
wave-feed, and traveling~wave-feed aperture excitations. Calcu~
lations are presented for self- and mutual-admittance, aperture
voltages, element pattern, and the resulting antenna gain for free
space and typical low-altitude reentry plasma conditions for a
sharp, slender, conical vehicle,

1. Introduction

Performance of a short linear E~plane array of slot antennas
in the presenceé of a reentry plasma sheath is analyzed (figure 1).
The short-circuit admittance matrix representing the N-element
array in a reentry plasma environment is obtained by an extension
of the slot self- and mutual admittance analyses given in Golden
and Stewart (1968). From the definition of the short-circuit ad-
mittance parameters, elements of the aperture admittance matrix

are fori =j

14
107 = : T

ap _ =
0 REENTRT PLASMA SHEATH | Yijp =Y(0)= Yire

COLLISION FREQUENCY sHOGHz |

3 , and for i #j
10"

Yol= Y(|imiD) = vy (limifkg)s
where y;; and ylz(]i—j]koé)
are the normalized self- and
mutual admittances of a pair
of E~plane slots separated by
li-jjkob . Short-circuit ad-
[ LT L mittances normalized to the
dominant-mode guide admit-
o | tance Y, are on figure 2 for
0 03 10 standarg. X-band waveguide
apertures radiating into free
Figure 1. Linear array geometry space and on figure 3 for the
and reentry plasma sheath typical reentry plasma shown
in figure 1.

1
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*The research reported in this paper was sponsored by the U.S.
Air Force under Contract AF04701-68-C-0200.
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Figure 2. Ten-element linear
array gain in iree space

Figure 3. Ten-element linear
array gain in reentry
environment

2. Aperture Voltage Determination

To determine the antenna gain for a linear array, it is
necessary to calculate the dominant-mode aperture voltages. The
feed scattering matrix for an N-element linear array has (N + 1)
X (N + 1) elements when the termination G, 1s assumed to be
internal to the feed and can be partitioned’in the following manner:

[S_'F] _|sE NI

-----‘l-—-
¢ 1lp
The ith component of the column vector T is the voltage appearing
at the ith aperture with all the apertures terminated in matched
loads assuming unit incident voltage at the N + 1 input port. The
ith component of the row vector € is the voltage transmitted back
to the input port for unit incident excitation at the i*? aperture
with a2ll other ports rmatched. The input reflection coefficient for
matched aperture conditions is /g,

. (1)
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If [SL:NN] is nonzero, the reflections from, and coupling
between,the apertures modify the incident voltage. The aperture
scattering matrix can be written in terms of the admittance
matrix [Y2P]

5°F] = ([] + [x®P))- ([v] - [z2F)t . 2)

The resulting incident €' and scatiered d' voltages are related by

dr = [s?P]er, (3)
with linear superposition and unit incident voltage atthe N+ 1
terminal
T =[sFN G+, (2)

Aperture voltage is determined from (3) and (4), and then

VP < @3 =([s*] + [1)- (o] - 5TVNE) T )
For a freely excited array [Oliner and Malich (1966)] s [SFNN] is
zero, which simplifies vaP to

<2P - ([Sap] + [U])

To obtain numerical results, the sta.nd.'mg- and traveling-
wave feeds are approximated by the equivalent circuit in figure 4.
The free, standing-wave-feed,

== R 7 and traveling-wave-feed aper-
o | maws- | _E_L:"l“;’ ; _ ture excitations are designed
sue Syt T — -1 i| to provide uniform illumination
T Teah el ¥ ThH7] Z| with a 20-deg phase shift be-
R EE . —~—3.3| tween elements when the aper-
! o -
S|ove |t fosw| s | 13 [ 3 fé ture is matched and the external
Lioe] @ Jouspae )4 L mutual coupling is neglected.
d [ = = -
¢ ase m fowmlse |} T |53 The traveling-wave-feed was
s |ov | e foms) s | |1 ! o ,__13>| designed to absorb 20% of the
9 {ons| 60 [ozss| 39 ;_. 3 o= £%| available power in the termin-
10| 0316) 180 (0307( 360 - = : = -
Uil ] ation ng. The actual circuit
T elements are tabulated in fig-

ure 4. The elements of the
" scattering matrix of the feed can
be calculated using standard
transmission line theory with the slots alternately excited in the
manner used in measuring scattering matrices.

3. Radiation Pattern Calculations

Figure 4. Feed Network

The antenna gain for unity input voltage is defined as
88,9 = amx2(x o /¥ ) {|E (r, 000 + [Eye 0,007, (6)

[(P)
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where Y, is the characteristic admittance of free space, and E
and Eg are the far-field components of the electric field for the
prescribed excitation.

The far field can be written in terms of the Fourier transform
of w.- electric field at z = z, when the sources are bounded in ex-
tent and zg is sufficiently large that only free space exists for z>z.
Evaluating the inverse Fourier transform asymptotically results in

. = , 2T v
lim E(r,9,8)= j cosO&k, .k, _»z,)exp[ik.(z,cos0=r) (7)
ko o s*%ys* 2o)exPlkol2g 1>

where E(kx ,kys,z=z ) is the transform of the electric field evalu-
ated at the stationary point in transverse wavenumber space de-
fined by ky, = kgsinfcosP and ky_sinfOsinf. The Fourier transform
of the field at z=z, can be determined by expressing the electric
field at the aperture in terms of TE, and TM, components and then
transforming these components through the dielectric and plasma
regions using standard transmission line theory [Golden and Stew-
art (1969)]. The gain for an N-element array of rectangular slots
from (6) and (7) is then

Y
32ab 2 : ap _— 2
g(e,9) = wk% -—Y.g P (e o) 1 v exp['!'J(n 1) kxsé]l . (8)

The element factor Pe in (8) is

2 [si sin u sinu 2 2 2 2
_ T ! 2 3 cos P sin“@cos~0
P (e,ﬂ)-Tg u Tou 2zt 5—1,(9)
e 1\ %2 3 Grm| lorH
and u 1505kxa,u is 0.5 (k b+n), and u, is 0.5 (ky b—rr).

The voltage transfer .Iz.'u.ncuons Gs £ and GT)\ @Te equal to Uinity
when the array is radiating into ree space.

4., Numerical Results

The aperture voltage for a freely excited single-slot antenna
is equal to

1

The single-slot results for both bare and plasma-clad ground planes
are in figures 2 and 3 respectively. The inhomogeneous plasma
layer was approximated by 22 equivalent slabs (figure 1).

vP=2/00+ N (10)

The results of the feed aperture voltage and antenna gain cal-
culations for free-spa.ce conditions are shown in figure 2. The maxi-
mum array gain for the traveling-wave feed is 1.3 dB less than the
standing-wave feed because of the power absorbed in the load. The
systematic errors caused by aperture reflections are reduced by
the mutweal coupling for this example.
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The results of the antenna gain and aperture voltage compu-
tations for a plasma environment are displayed in figure 3. Since
the mutual coupling is greatly reduced by the plasma, the aper-
ture reflection effects produce the majority of the pattern degra-
dation. The array side-lobe level of the standing-wave feed was
degraded to -2.7 dB because of the multiple reflections in the
branch lines. The plasma sheath increased the progressive
element phase shift by 10 deg causing the main beam of the travel-
ing-wave feed to be scanned from 8.4 to 13.5 deg. The patterns
of the freely excited array are less sensitive to plasma effects
(figures 2 and 3).

5. Conclusions

The performance of a small array antenna in a reentry
environment was analyzed including internal feed effects as well
as reflection loss, absorption and antenna element pattern distor-
tion. The problem was formulated using scattering matrices so
that either readily measured scattering matrix elements or analyt-
ically determined values could be used for the feed. The effects of
the plasma layers on the effective scattering matrix of the N~elz-
ment aperture can be calculated if the electron density and coliision
frequency profiles of the plasma layer are known. The resulting
effect on aperture voltages is easily determined. Because of the
high cost of flight experiments, performance problems, and availa-
bility of preflight predictions of electron demnsity, a detailed analysis
appears warranted. Furthermore, for arrays of small bearmnwidth,
flight-test measurements of radiation patterns become increasingly
difficult, considering usual ground station limitations. A more
reasonable approach would be to measure single-element radiation
patterns and to infer array factors from the measurements of the
individual aperture voltage during reentry.
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IONOSPHERIC ANTENNA IMPEDANCE PROBE by E. K. Miller*, H.F,
Schulte®, J. W.Kuiper® (! MBAssociates, San Ramon, California,
“High Altitude Engineering Laboratory, University of Michigan)

ABSTRACT. The results of a parallel theoretical-experimental inves-
tigation into the use of an antenna as a diagnostic probe in the iono-
sphere are described. The salient features of the anteans impedance
are found to be in agreement with the theoretical predictions, and pro-
vide several methods for determining the ionospheric electron density.

I INTRODUCTION. A parallel theoretical-experimental program was
undertaken to resolve some of the questions which arise in using an an-
tenna as a diagnostic devicc in the ionosphere. To clarify the relative
importance of the physical processes which may influence the impedance,
an infinite gap-excited cylindrical antenna immersed in a plasma was
investigated theoretically. The results of this study have been reported
elsewhere (Miller, 1967, 1968); only 2 summary will be given here.

The experimental part of the program used ionospheric soundiag
rockets carrying several complementary electron Jdensity determination
experiments. These included 2 Langmuir probe, a relaxation resonance
detector, a2 transmission experiment, and an antenna impedance experi-
ment. The latter three experiments used a 30 ft tip~to-tip balanced
electric dipole whose frequency was swept continuously frem 0.8 to 10
MHz. Results presented here will be confined principally to the anten-
na irnpedance measurement.

IO, RESULTS OF THE INVESTIGATION, The aspects of the theoretical
infinite antenna study which apnlyv to the ionosphere are: (1) for an in-
compressible, anisotropic plasma (magnetic field parallel to the anten-
na axis), the impedance has 2 minimum at the cyclotron frequeacy fh'

a slight maximum at the electron plasma frequency f,, and a sharp ma«-
imum at the upper hybrid frequency f; = JEZ ¥ £E; (2? the addition cf a
concentric vacuum sheath a few Debye leng?hs ick shifts the f; imped-
ance minimum upward in frequency and increases the minimum imped-
ance value, but does not significantly alter the impedance above 2f};

(3) the plasma compressibility and vacuum sheath separately produce
similar effects on the antenna impedance for both the isotropic aad ani-
sotropic plasma. Comparing the infinite antenna results with Balmain's
“1964) finite antenna quasistatic analysis shows that the qualitative pre-
dictions of the two theories are equivalent. Thus the infinite antenna
results may be applied when the quasistatic theory cannot be used con-
veniently. This equivalence also suggests that Balmain's theory is re-
liable for guantitative interpretation of experimental impedance data.

94 complete impedance frequency sweeps were obtained during a
rocket flight (NASA 4.207) to a 292 Km altitude. A computer-plotted
curve for the impedance of half the balanced dipole (the equivalent mono-
pole) is shown in Figure 1. The impedance is a linear function of time
(there are 833 data points per second) for the two overlapping bands ,
0.8 to 3.5 MHz and 2.6 to 10 MHz, used to cover the 0. 8 to 10 MHz
range. Sweep frequency with respect to time is not quite linear in either
band; a slight transformation is required to obtain an impedance-fre-
quency fplot.
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These impedance curves (moving upward in frequency) exhibit a
broad minimum, a slight oscillation, a sharp peak and a discontin-
uity. Thesc features were regularly observed throughout the flight. The
peak shape differs on the two sweeps due to the variation in sweep rate
in the overlapping frequency range. At the right side of the high frequen-
¢y sweep is seen the typical behavior resulting from the telemetry signal
dropout which occurred infrequently during the flight.

A smoothed version of F:igure 1 versus frequency is shown in Fig-
ure 2. Also shown (the x'd curve) is the impedance calculated from Bal-
main's formula, and (the circles) two calculated free-space impedance
curves for the antenna which has a half-length h of 4. 58 m and a radius
10500/
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cof 1 ecm. The free-space curves show the isolated antenna impedance
and that which results from including the cffect of the shunt capacitance
Cg of the antenna deployment mechanism. This capacitance shifts the
f. peak downward in frequency. It is included in the plasma-immersed
tf:eoretical curve (the antenna is assumed parallel to the magnetic field).
Quite good agreement is obtained between theory and experiment using
the indicated plasma parameters (v is the electron collision frequency)
down to 2 frequency of about 2.5 f,. The upward-shifted impedance
minimum agrees with the infinite antenna theory as well as with the
spherical quasistatic analysis, of Balmain et al (1967). The plasma pa-
rameters were chosen to produce an apparent best-fit curve to the ex-
perimental data, and the unrealistically high value required for v may
be due to neglecting the sheath (Balmain et al, 1967).

Similar agreement between theory and experiment was obtained
throughout the flight. The experimental data provided three independent
ways to obtain £ using (1) the frequency (f)4) of the impedance peak as-
sociated with f.,7 (2) the absolute impedance above f;. and (3) the imped-
ance discontinuity at f_. The first two methods are generally independent
of v, while the latter Fequires no theoretical interposition, although the
downward-shifted impedance peak often obscures the fp discontinuity,

An interesting use for the upward-shifted impedance minirmum as-
sociated with f}, is to determine the sheath thickness and electron tem-
perature. If, for example, the equivalence between the actual inhomo-
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geneous sheath and the vacuum sheath model is known in terms of the
- minimum impedance frequency f.,, then the equivalent vacuum sheath
thickness can be obtained from f,,, and f,. Since the sheath thickness is
a function of fy (which is already known)pand the temperature, the tem-
perature can then be solved for. There has been some success in ob-
taining electron temperature values this way, but not enocugh data has
been analyzed to validate the technique.

Since the rocket rotation period was about 21 sec, and nearly 4 com-
plete frequency sweeps over the 0.8 to 10 MHz range were obtained dur-
ing a complete rotation, it is possible to resolve the influence of the
magnetic field and rocket wake on the impedance. Figure 3 is a plot of
the impedance at 5.25 MHz as a function of time (or altitude). The in-
dividual impedance points are joined by straight lines to clarify the var-
iation. Also shown are the ionospheric magnetic field and plasma
stream velocity components tangential to the monopole whose impedance
was monitored. A positive velocity indicates the monopole is facing in
the direction of rocket travel. The impedance maxima correlate well
with positive tangential velocities, demonstrating the decreased electron
density in the rocket wake. Using Balmain's theory, the impedance
swings may be translated to electron density variations of as much as
two to one.
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Figure 4 shows the peak-impedance frequency f3sas a function of
time. There is a correlation between f, and both tangential magnetic
field magnitude and velocity, as fg oscmates twice per period. The
amplitude of the f,, swings is also correlated with the amplitudes of the
velocity and magnetic field changes. Generally, f)4 has maxima at -
itive velocity maxima ard seems more sensitive to the velocity than%
the magnetic field. Agreement of these results for f), with Balmain's
theory may be verified.

Figure 5 shows the minimum-impedance frequency f,. The {
maxima are correlated principally with maxima in the tangential velo-
city. This agrees with the infinite-antenna vacuum-sheath theory,
which shows that f  increases with increasing fp. Further, the insen-
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sitivity of f
theory for the sheathless case.

to the tangential magnetic field agrees with Balmain's

The experimental magnetic field and wake orientation dependence of
the antenna impedance and the infinite antenna-quasistatic finite antenna
predictions alsoc agree for several other distinctive imnpedance features.
Among these are the impedance values associated with f, and f__, and

the impedance discontinuity associated with f
on Figure 2 is

oscillation between fys and f

However, the impedance

%ot predicted by the pres-

ent theory. This particular impedance characteristic, which consis-

tently occurred at about 2f, during the flight,

pressibility effects (Johnston, 1968).

may be due to plasma com-

In Figure 6, we show the electron density-height profile as obtained
from the impedance data compared with Langmuir probe and ground-
based ionosonde results. The electron density results using the imped-

ance data are obtained from the Iy
5.25%5 MHz (z 5)

values and the impedance value at
There is good agreement between these independent

methods for obta:.nmg the electron density. The comparison reveals
the usefulness of the swept frequency impedance probe to obtain iono-
spheric electron density and further shows the general validity of Bal-
main's theory which has been used to translate the impedance data to

clectron density values.
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ON THE TRANSIENT RESPONSE OF AN ANTENNA AND THE
TIME DECREASE OF ALOUETTE SPIKES

Philippe Graff
C, NNE T. - R. S. R,
92 - Issy-les-Moulineaux, France

Abstract

After a justification of the necessity of introducing collisions,
it is shown how this introduction modifies the calculation of the
time decrease of Alouette spikes and that the result obtained
though deeply modified, still disagrees with experience.

1. INTRODUCTION

Spikes appear on the top-side ionograms when the transient
response of the antenna has a long duration. This occurs when it
emits a pulse whose frequency spectrum contains one of the wk
solution of

D(k, w) = 0 ; _{r'g(k,w) =0

which express the group velocity of the characteristic waves to
be zero and that the antenna impedance has a branch point singu-
larity. The envelope of this transient decreases in time; its
asymptotic form, evaluated among others by Deering and Fejer
(1965), Nuttall (1965), Watson (1968), is found proportional to

(t -t )—a (t:° , time of end of emission; /2 < e < 7/2 according

to the wk under consideration].

Petit (1968) showed the incompatibility of such a time depend-
ence with the satellite data. Moreover this time dependance is
based on Vlasov equation; it has been pointed out (Graff, 1968)
that this equation is invalid to describe a perturbation during an
interval of time At not such that At << T where

1 -1 T3/z

3 -
= = 5
T n LD wp 810 n

(o, L., w , T are the standard electron density, Debye length,
plasma fre%uency, temperature in MKSA units). Figure 1 shows
that over a few milliseconds (typical spike duration), the pre-
ceding inequality does not hold. Therefore, the introduction of
collisions is both an experimental and a theoretical necessity.

b -
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2. TRANSIENT RESPONSE OF AN ANTENNA IN A COLLISIONAL
ISOTROPIC PLASMA

An antenna of current distribution J (r, t) emits an electric
field of Fourier-Laplace transform

—
—

Ek, w) = Gk, w)+ T (k, w) (0

—
—

where the components of the Green's tensor G are
y 2 2
e - iwu (w/c)e, 83 kikj[l +Hw/ke)l (e, - ¢ )]
T T T/ e [ - (@) ¢ ]

The transient response is concerned with frequencies close to
+ wp , therefore,

e, =1-wW/flw-iv)* ; ¢, =1-0*/(w-iv)? - (kV /w)?-1ir (2)
P Il P T

1l

(V., = Nf3KT/m = Boltzmann's K, m : electron mass). Replacing
thé collision frequency Vv and the Landau damping term X by
their limits as w—w , v(w })=v and Mw) = 0, itis possible
to evaluate the transidnt respgnse of the anter®a by inverting (1).
One thus obtains the voltage at the terminals of a dipole of length
2L fed by a current I(t) = §(t)

3/2 .
o - (Z)% 1.2 wp sin ((:)p -n/4) e-vo ¢ 3)
12 Eoﬂ:«i/z vi, 3/

iy
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Let us now justify the expressions (2) by deducing v from the
kinetic equation of the plasma.

3. PLASMA DESCRIBED BY THE FOKKER-PLANCK EQUATION

Solving the Fokker-Planck equation shows that the collisions
to take account of in Alouette conditions are between electrons and
ions, Shkarofsky, et al, (1966), define a sequence of approxima-
tions which allows to establish (2) with v_.= < v .>=(2/m2 L A/A
where A= 1ZmnL3 = 1.24 x 107 T3/2 N-% . A %asic assumplion
of the Fokker-Planck equation is that during a collision the dis-
tribution function of the electrons does not vary, that is
LO/V << 1l/w or w<< W . At W= w_or greater, this
assumption does not hold. P

4, PLASMA DESCRIBED BY THE BBGKY HIERARCHY

By expanding the h1era.rchy at the first order in powers of the
small parameter § = l/n L one obtains a kinetic equation which
correctly describes the co]Pcuve effects occurring when w<< ®
is false, Thus, Oberman, et al, (1962) have calculated the pla.srn%.
conductivity and one is led to (2) with

FANO)
—iL[LnA + Qe/w)] .
m° A P

The function Q(u) varies according to Figure 2.
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Figure 3 shows the improvement due to the introduction of
collisions. A gap remains between experience and theory and,
surely, other effects like inhomogeneity or non-linearity should
be taken into account to provide an actually satisfactory result.
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5. CONCLUSION

It is at the present time unrealistic to compare the theoreti-
cal predictions with the absolute value of the experimental data.
Yet we tried a comparison between the shape of the experimental
and the theoretical decrease laws.
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and the dipoles are oriented along the static magnetic field, ﬁs,
to preserve § symmetry. The coupled wave equation is written &s:

[vﬁ, + E(kz,w)] F(r,k o) = T, (rk ,0) or T (rk 0} (1)

where v% is the transverse Laplacian operator, S(k_,w) is a 3 x 3
matrix propagation constant, and Je, and Jmz are sdurce vectors for
electric and magnetic dipoles, respectively. F is a vector of the
primary field quantities:

f’(r,kz,w) = [Ez(r,kz,w), Hz(r;kz:W): Pe(r;kz)W)] (2>

where E,; and H, are electromagnetic field components and P, is per-
turbation electron pressure. ZEquation (1) is solved with a Hankel
transform of order zero, mapping the Laplacian into -A®, where A is
the Hankel transform variable. The result is the algebraic relation-
ship:

Cr sk, ,0) FA kw) = T (VK ,0) or T (ALK, ,0) (3)
where the matrix E is constructed by adding A2 along the diagonal
elements of S. For regions away from the source, Eg. (3) is homo-
geneous, and a nontrivial solution is possible if and only if:

|0k, )] =0 - (%)

Since A &nd k, are wave numbers in the radial and z directions,
respectively, Eq- (4) is recognized as a dispersion relationship.
By the usual relationships between wave number and frequency, and
velocity and direction-cosine, Eq. (4) may be rearranged to give a
cubic polynomial in velocity squared. The roots of this polynomial
correspond to the modified ordinary mode (MO), the modified extra-
ordinary mode (MEX), and the modified plasma mode (MP) discussed
by Seshadri (1964) for plane wave propagation in a compressible,
anisotropic plasma.

Equation (3) is solved by inverting C and the solution is
brought into A, 2z, w space by a contour integration in the complex
kX, plane. The contour is closed in the upper half-plane and the
pole locations enclosed are given by the solutions to Eq. (%),
since the determinant appears in the denominator of the inverse.
Since Eq. (4) is also the dispersion relationship, application of
Cauchy's theorem tells us that the field quantities are linear
combinations of classicsl plane wave modes in a plasma. That is,
the vector of Eq. (2) in A, 2z, w space may be written as a trans-
formation matrix, T, operating on a vector of plane wave modal
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DIPCLE RADIATION IN THE LUNAR ENVIRONMENT
R. J. Phillips

Jet Propulsion Laboratory
California Institute of Technology
Pasadena, California 91103

Abstract. To assess the effect of the solar wind on
electromagnetic sounding of the lunar subsurface, the
problem of electric and magnetic dipole sources in a
compressible, anisctropic plasma overlying a lossy
dielectric half-space is solved. Final integrals are
solved by saddle point integration involving numerical
search algorithms on dispersion surfaces.

The results of recent work by Ward et al. (1968) indicate the
possibility of definitive electromagnetic sounding experiments of
the lunar subsurface from orbiting satellite. The present study
reassesses the problem by considering the effect of finite electro-
magnetic sources in the solar wind plasma. <That is, the lunar
environment is modeled by infinitesimal electric and magnetic dipole
sources embedded In a compressible anisotropic plasma overlying a
lossy dielectric half-space.

Basically the task is to solve, subject to the constraints of
the lunar boundary conditions, the four differential equations:
1) Faraday's law with a magnetic scurce term, 2) Ampere's law with
an electric source term, 3) the linearized second moment of the
Boltzmann-Vlasov Equation and 4) the linearigzed first moment com-
bined with an adiabatic equation of state. The lower bound for
efficient antenna operation is perhaps 10 kHz, and it is assumed
that ion wave motion is damped out above this frequency. There-
fore only electiron motion is considered. The solar wind electron
plasma frequency is 28.4 kHz (10/cec) and the electron plasma wave
will be damped out above approximately 100 kHz and the continuum
theory used here canrct account for this (Landau) damping mechanism.

The four equations may be combined into a coupled wave egquation
in r, k,, w Space, modified after a procedure cutlined by Chen and
Cheng (1966). Here r is the radial coordinate in a cylindrical
coordinate system, ky is the Fourier transform variable from z space,

*This research was funded by NASA under Contract No. NAS 489580-
26337 at the University of Califor:iia, Berkeley, and under Contract
No. NAS T7-100 at the .Jet Propulsion Laboratory, Pasadena, Califorrmia.




the normels to the dispersion surfaces are defined by the gradient
of the locus of points satisfying Eq. (4). That is, for any parti-
cular mode, the dispersion surface gives the wave number K(A,kz),
and if ¢ is the angle, defined from the k, axis, of a radius line
to any point on the surface, then:

A = K(A,kg)sing . (6)

Then if | is the normel at any point on a surface, then the gradient
operation yields a relationship of the type v = f(p). For the
rrimary field, we seek a that gives a straight line path from
source to observer, and for the secondary field we seek a for the
incident mode that carries a ray to the surface, then from the
surface to the point of observation. The normal on the reflected
moée arises from that point(s) on the reflected mode dispersion
surface with the same horizontal (A) projection as the point on the
incident surface from which y arises, thus satisfying Snell's law.
If we could find the proper y for a_Particular problem, we would
use the inverse relationship, ¢ = £ (y), and use Eq. (6) to find
the saddle point(s). In practice £-! is a very high order poly-
nomial and we find the procedure difficult. "~ Instead the forward
procedure, § = £(p), is used in bracketing-type search algorithms on
the dispersion surfaces. For the primery field, we search for a ¢
such that the corresponding y is the angle between source and
observer. For the half-space problem, let h be the vertical distance
of the source above the ground, and r the distance of horizontal
separation. Then for mode J — mode J reflection, we search for a g
such that § = tan—t (r/2h - 2). where z is the vertical coordinate
of the point of observation. If r; is the horizontal distance
between source and point of reflection and r, is the horizontal
distance between point of reflection and observer, then for mode j
— mode k reflection, we search for those points on the dispersion
surface where r, + x, = subject to the constraint of Snell's law.
This search procedure was found to be very efficient; typical computer
time for the twelve saddle points for a given frequency is 2-3
seconds on a CDC 6400 computer.

By placing the source and observer well off of the interface,
pole contributions may be neglected. However, the steepest descent
path must be indented around branch cuts to preserve single-valuedness
in the integrand, and the contributicn of a branch cut is a diffracted
wave traveling laterally along the lunar boundery. Using an
asymptotic expansion around the branch points, similar to that given
by Felsen and Rosenbaum (1967), the branch cut integrals may be
evaluated to give the diffracted wave contribution. Considering only
the isotropic electromagnetic field quantities, the dominant lateral
wave contribution is to E; (electric dipole source) arising in the
MEX mode launched by an MP — MP reflection, the contribution being
as high as 10% of the secondary field for r = 50 km. Also contributing,
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solutions, and the solution in r, z, w space is given by:

, 2 MO ME Mp_ ]’
[EZ,HZ,P;] - .}{. T(A,w)-[el Uz Gt XUZ, et UZ] T_(Ar)rar-
o (5)

The reflected waves in the plasma satisfy the homogeneocus
form of Eq. (3) and solutions exist only for the condition in
Eq. (k). This again leads to MO, MEX, and MP modal solutions.
There are nine homogeneous sclutions, but only three are independent.
The interdependence of the solutions leads to a vector of reflected
field quantities that are a matrix operation, R, on the vector of
reflected modal solutions; the solution in r, z, @ space is similar

to Eq. (5).

Two uncoupled, isotropic modes are transmitted into the lunar
rock. For a particular source type, one mode is always associated
with the isotropic field components of the source, and the other
mode with the Hall components of the source. The five boundary
constants are found by equating tangential E and H across the
boundary of a lunar half-space, and by setting the normal component
of particle velocity to zero at this boundary. The last condition
follows from a postulated proton-rich sheath region at the lunar
surface.

The integrals of the type in Eq. (5) are extended to -= on
the A axis by the usual procedure, and theasymptotic form of the
Hankel function is used. These integrals are then evaluated by
the saddle point method. From Eq. (5) it is clear that there are
three saddle point integrations for any primary field quantity,
representing the three plasma modes. For the reflected field
quantities, however, there are nine combinations of incident and
reflected MO, MEX, and MP modes giving rise to any field quantity,
representing nine saddle point integrations. These nine reflections
may be easily expressed in an amplitude matrix, K} for the saddle
point integrations, with an element aj; representing the amplitude
function for the integral representing incident mode J - reflected
mode 1i.

Physically, the saddle point represents a wave carrying energy
from the source to the observer for the primary field. For the
secondary field, the saddle point represents a wave carrying energy
from the source to ithe observer, but reflecting from, arnd satisfying
Snell's law at the lunar surface. Mathematicaglly, the saddle points
are found by differentiating and setting to zero the argument of
the exponential function in the integrand. 1In the present problem
this can lead to polynomials in A of at least twelfth order. We can
appeal to the physical argument, taking advantage of the fact that
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but insignificantly, are MEX refractions from MP-MO and MO-MP reflec-
tions. TFor certain points of observation, the observer passes from
the propagation zone to the shadow zone as the frequency increases
upward from the plasma fregquency. However, the frequency band in
which the observer is in the transition region; i.e., both the
branch point and the saddle point expansions fail, is apparently
quite narrow. From the MEX cutoff frequency (28,532 Hz) to 28,600
Hz there is an important MEX laterel contribution due to an MC-MO
reflection, for r = 200 km. This is the only type of refracted
wave with an important contribution to H,, magnetic dipole source,
and the bsnd of frequencies in the transition region is resasonably
wider than that of the refractions mentioned above.

The conclusions reached in this study, with regard to a remote
mapping of the parameters of the lunar half-space are: 1) For
approximaetely 1 kHz above the plasma frequency, anisotropic effects
in the plasma mask the lunar subsurface parameters. These effec's
are mainly rapid changes in ray convergence with frequency and
oscillatory effects due to constructive-destructive interference
of reflected modes. 2) Above 30 kHz, H, from the magnetic dipole
source is sensitive to the electrical properties of the lunar half
space. 3) Above 30 kHz, E, 1s Imsensitive to lunar properties.
This follows from the boundary condition V, = 0, which essentially
causes all acoustic energy to be perfectly reflected, independent
of the half-space parameters. It may be shown that below 100 kHz,
acoustic energy is the dominant contributor to E,.
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